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Weyl’s theorem and Tensor product for 
m-quasi class A; operators 
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Government Arts College (Autonomous), Coimbatore-18, India 
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Abstract In this paper we generalize quasi class A operator and introduce m-quasi class A; 
operators, where k and m are positive integers, which coincides with quasi-class A operator for 
k=1and m= 1. We prove that if T is a m-quasi class Ax operator, then T is of finite ascent, 
T is an isoloid and Weyl’s theorem holds for T and f(T), where f is an analytic function in a 
neighborhood of the spectrum of T. We also show that m-quasi classA; operators are closed 


under tensor product. 


Keywords Class Ax, quasi-class A;, m-quasi class A;, Weyl’s theorem, Tensor product. 


§1. Introduction and preliminaries 


Let T € B(H) be the Banach Algebra of all bounded linear operators on a non-zero 
complex Hilbert space H. By an operator T, we mean an element from B(H). If T lies 
in B(#), then T* denotes the adjoint of T in B(H). An operator T is called paranormal if 
||7?(x)|| = \|'x||? for every unit vector « € H. An operator T belongs to class A, if ea es IT). 
An operator T is called n-perinormal for positive integer n such that n > 2, if T*"T" > (T*T)”. 
An operator T is called k-paranormal for positive integer k, if |Z ae || > ||T2||"*" for every 
unit vector x in H. For 0 < p < 1, an operator T is said to be p-hyponormal if (T*T)? > 
(TT*)?. If p = 1, T is called hyponormal. An operator T is called log-hyponormal if T is 
invertible and log(T*T) > log(TT*). An operator T is said to be of class A(k) for k > 0, if 
(T* |T?* T)# > |T|?. An operator T is called quasi-class (A, k), if T** |T?|T* > T** |T/?? T* 
Aa eae |T|? T. An operator T is called normaloid if r(T) = ||T'l, 
where r(T’) = sup{|A| : A € o(L)} and isoloid if every isolated point of o(T) is an eigenvalue of 
T. 


and quasi-class A if T* 


Furuta et al 4! have proved that every log-hyponormal is a class A operator and every class 
A operator is a paranormal operator. We define an operator ?4] T € B(#) as class A, for a 
positive integer k, if sand baad > ale If k = 1, then class Ax coincides with class A operator. 

We have also proved the following results. 

Theorem 1.1.!4) If T is a p-hyponormal or a log-hyponormal operator, then T is class 
A, operator, for each positive integer k. 
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Theorem 1.2.!?4] Let T be an invertible and class A operator. Then 
1. T is of class Ay, operator for every positive integer k. 
2. classA; C classA2 C classA3 C.... 
3. For all positive integer n, T” is of class Ay, operator for every positive integer k. 
4. T~' is of class Aj, operator for every positive integer k. 


Theorem 1.3.!?4] If T is of class Az for some positive integer k, then T is k-paranormal. 

An operator T is called a Fredholm operator if the range of T denoted by ran(T) is closed 
and both kerT’ and kerT™ are finite dimensional. The index of a Fredholm operator is an 
integer defined as indea(T) = dimKerT — dimKerT™*. The ascent of T € B(H), denoted by 
asc(T) is the least non-negative integer n such that kerT” = kerT"+!. We say that T is of 
finite ascent, if asc(T — A) < oo, for all X € C. An operator T € B(A) is called Weyl if 
it is Fredholm of index 0. The spectrum of T is denoted by o(T) and the set of all isolated 
eigenvalues of finite multiplicity is denoted by mo9. The essential spectrum of T is defined 
as o-(T) = {AEC C:T—XI is not Fredholm}. The Weyl spectrum of T is defined as 
w(T) ={A€C:T—-AI is not Weyl}. When the space is infinite dimensional w(0) = 0 
and w(T) = {0}, if T is compact. H. Weyl has shown that \ € o(T + K) for every compact 
operator k if and only if 2 is not an isolated eigenvalue of finite multiplicity in o(T'). We say that 
Weyl’s theorem holds for T ) if T satisfies the equality o(T) — w(T) = mo0(T). Let H(o(T)) 
be the set of all analytic functions on an open neighbourhood of o(T'). The spectral picture [19] 
of an operator T € B(H), denoted by S'P(A) consists of the set o.(T'), the collection of holes 
and pseudoholes in o-(T), and the indices associated with these holes and pseudoholes. 

In this paper, we discuss the class of operators called m-quasi class A; operators for positive 
integers k and m, which is a superclass of p-hyponormal, log-hyponormal and class A, operators. 
We prove that if T is a m-quasi class A, operator, then T is an isoloid, T is of finite ascent and 
Weyl’s theorem holds for both T and f(T), where f is an analytic function in a neighborhood 
of the spectrum of T. We also prove that the the class of m-quasi class A; operator is closed 


under tensor product. 


§2. Definition and examples 


Definition 2.1. An operator T € B(#) is defined to be of m-quasi class Ax, if aaa | rT 
—|T\’)T™ > 0, where k and m are positive integers. If k = 1 and m = 1, then m-quasi class 
A, operators coincides with quasi-class A operators. 

Obviously, 1 — quasiclassA, C 2 — quasiclassA, C 3— quasiclassA, C--- 

Example 2.2. Let H be the direct sum of a denumerable number of copies of two 
dimensional Hilbert space R x R. Let A and B be two positive operators on R x R. For any 
fixed positive integer n, define an operator T = Ty 2,, on H as follows: 

T((a1,¥2,..-)) = (0, A(a1), A(w),..-, A(@n), B(an41),.--). 

Its adjoint T* is given by: 

T*((a1,%2,..-)) = (A(a2), A(w3),..-, A(@n41), B(an4a),---). 
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For n > k, Ta,B.n is of m-quasi classA;, if and only if A and B satisfies: 


At ARB APS ed SAPP for Pada rh 


1/2 0 1 1 . : 
and B = , then T4,8,n is of m-quasi class.A;, for every 
0 O 1 


positive integer k. 
Since S' > 0 implies T* ST > 0, the following result is trivial. 
Theorem 2.3. If T belongs to class Az, for some positive integer k > 1, then T’ belongs 


If A = 


to m-quasi classA;, for every positive integer m. 
From Theorems 1.2 and 2.3, we get the following results. 
Theorem 2.4. Let T be an invertible and class A operator. Then for each positive integer 


1. T is of m-quasi classA; operator for every positive integer k. 
2. m— quasi classA, C m — quasiclassAg C m — quasi classA3 C.... 
3. For all positive integers n, T” is of m-quasi classA; operator for every positive integer k. 


4. T~! is of m-quasi classA; operator for every positive integer k. 


§3. Matrix representation 


Matrix representation of operators is used to study various properties of an operator. Class 


A S$ 
A, operators have the matrix representation 241 T = with respect to direct sum 
0 O 


of closure of range of T and kernel of T*. The next theorem gives the matrix representation for 
m-quasi class A; operators. 

Proposition 3.1. (Hansen Inequality |) If A,B € B(H) satisfy A > 0 and ||Bl| < 1, 
then (B*AB)* > B*A°B for all 6 € (0, 1]. 

Theorem 3.2. Assume that T € B(H) is a m-quasi class A; operator for positive integers 
k and m, T has no dense and T has the following representation: 


T, Tp a 
f= on H = ran(T™) © ker(T”*). 
0 Ts 


Then T; is class Ay, operator on ran(T™) and T3 is nilpotent. Furthermore, o(T) = 
o(T,) U {0}. 
Proof. Let P be the orthogonal projection onto ran(T™). Then 


T; 0 
0 0 


=TP= PTP. 
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Since T is m-quasi classA; operator, 
PP PPP So, 
By Hansen’s inequality, 


2 
1+k| 148 
P(|T'+*|) re P = P(T* +h p+) ce p Z (PT+kp tk py te - f; | 0 


0 0 
2 1+k| Te 
T 0 T 0 
and P(|T|\?)P = PT*TP = 7i| . Therefore, aa > P(|T1+*|) FE P > 
0 60 0 
ne 0 ave 
P(|T)?)P = 7i| Hence, a > |T,|?. Hence T, is class A, operator on 
0 60 

ran(T™), 

x 

For any x = ‘Ve A, (T3x2, 02) = (TT — P)x, (1 — P)x) = (I -— P)x, T™ (I — P)x) 
v2 


= 0. Hence T3" = 0. By | [5], corollary 7], o(T1) Uo(T3) = o(T) Ur, where 7 is the union of 
certain of the holes in o(T’) which happen to be a subset of o(T)(\o(T3), and o(T1) () o(Ts3) 
has no interior points. Therefore o(T) = o(T,) Uo(T3) = o(T) U {0}. 
Since class A; operators are isoloid ?4], we immediately have the following corollary. 
Corollary 3.3. Assume that T € B(#) is a m-quasi class A, operator for positive integers 
k and m, T has no dense range and T' has the following representation: 
Ty de 


PS on H = ran(T™) @ ker(T*”). 
0 Ts 


Then T; is isoloid and T3 is nilpotent. Furthermore, o(T) = o(T;) U {0}. 


§4. Some properties of m-quasi class A; 


Theorem 4.1. If T € B(H) is m-quasi classA; operator for some positive integers k and 
m, then T is isoloid. 
T, Tb — ees 
Proof. Let T = a on H = ran(T™) @ kerT*”™. Let Ao be an isolated point of 
o(T). Then either Ap = 0 or 0 4 Ag € isoa(T;). Since T; is isoloid [Cor 3.3], if Ao € tsoo(T}), 
then Ao € op(T)) and hence Ao € o,(T). On the contrary, if Ay = 0 and 0 ¢ o(7}), then T; is 
invertible. Also dim kerT3 4 0. Hence there exists x 4 0 in kerT3 such that T(—Ty Toa @x) = 
0. Hence —Ty- ‘Tox © x € kerT. Hence in both cases, Ao is an eigenvalue of T. Therefore T is 
isoloid. 
Theorem 4.2. If T € B(H) is m-quasi class A, operator for positive integers k and 
A Th 


0 Ts 


m,0#.2€0,(T) and T is of the form T = on ker(T' — A) @ ker(T — A)+, then 
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I. To = 0 and 
2. T3 is m-quasi class A,. 


Proof. Let P be the orthogonal projection of H onto ker(T — A). Since T is m-quasi 
classA;, T satisfies : 
pee ete, 


where k and m are positive integers. Hence P( (pe) la a iat )P>0, 
x2 0 yj20k+0) 
where Pir? P= | and (P|T*+1|’ P) = | 7 
0 O 

Therefore, 

AP 0 AP 0 

MI =(Pie py > pir ps pyre p= 

0 0 
Therefore, 

2 
2 Al" 0 
Pip eS | =P|T/P. 
0 O 
2 
oat = A| A 
Hence |T**"|*** is of the form |T*11|*** = | 
A* B 

|A|2arh 0 i 9 \ k+l 

Since =P (ar 2 =p (oe i) P, we can easily show that 
0 0 
A=0 
2 2(k+1) 
= aN 0 0 
Therefore, |T**1|*** = | and hence \re+4)? = | 
0 B 0 Bett) 


2 
This implies that \*T2 + \*-1T2T3 + +--+ ToTF =0 and B= ea | *¥T Therefore, 


2 xX Y 
o<T™ (en rT Ir?) Tm = 
Y* Z 
m—-1 


wheex =0,¥j-)"" RTP ond 2 =O Tee Tere Oe 
me 
EDT) — Ty" (DP TE + Tym (|p| — P) Ty 


x FF 
A matrix of the form > 0 if and only if X >0,Z>0 and Y = X!?wzZ!/2, 
y? 2% 


for some contraction W. Therefore, T>T3” = 0. This together with MT, + AP-1T4T3 fe + 
ToT& = 0 gives that T2 = 0 and T3 is m-quasi class Ax. 

Corollary 4.3. If T € B(H) is m-quasi class A; operator for positive integers k and m 
and (T — A)x = 0 for \# 0 and a € A, then (T — \)*a = 0. 

Theorem 4.4. Let T € B(H) be a m-quasi class Ay, operator for positive integers k and 
m, then T satisfies |[T*+1+™a|| |T"aI|* > > |r, 
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Proof. Using McCarthy inequality [8], for each x € H, 
22 
Pe Ce rae) 


1 


oe oe 
ae aa TER pm 20 re) PP rt Te) 


IA 


peer Fra AR |? 


Hence ||T**?+™a|| |r|" > rmrta|| PF, for every x € H. Hence the required result. 


Theorem 4.5. If T € B(H) is m-quasi class A, operator for positive integers m and k, 


then T is of finite ascent. 

Proof. By Corollary 4.3, for \ 4 0, ker(T — \) C ker(T — »)*. Hence ker(T — \)? = 
ker(T — A). If A = 0, let O 4 & € kerT**+1*™,_ By Theorem 4.4, x € kerT™*1 C kerT*t™. 
Hence kerT*t+!+™ = kerT*+™. Hence asc(T — A) < 00, for all XE C. 


§5. Weyl’s theorem 


Theorem 5.1. If T € B(#) is m-quasi class A, operator for some positive integers k and 
m, then Weyl’s theorem holds for T’. 

Theorem 5.2. If T € B(H) is m-quasi class Ay, operator for some positive integers k and 
m, then Weyl’s theorem holds for f(T’) for every f € H(a(T)). 

To prove these theorems, we need the following results. 

Proposition 5.3.!!5] (Theorem 6) For given operators A,B,C € B(H), there is an equality 


AC 
w(A)Uw(B) = w(Mc) Ur, where Mc = and 7 is the union of certain holes in 
0 B 


w(Mc) which happen to be a subset of w(A) () w(B). 
Proposition 5.4.24] (Lemma 5.7) If T is a class A; operator for some positive integer k, 
then f(w(T)) = w(f(T)) for every f € H(o(T)). 
Proposition 5.5.'!5! (Corollary 11) Suppose A € B(H) and B € B(K) are isoloids. If 
Weyl’s theorem holds for A and B, and if w(A)()w(B) has no interior points, then Weyl’s 
0 
B 
Proposition 5.6.!'°l If either SP(A) or SP(B) has no pseudoholes and if A is an isoloid 
operator for which Weyl’s theorem holds, then for every C € B(K, H), Weyl’s theorem holds 


A 0 A C 
for => Weyl’s theorem holds for 


0 B 0 B 
Proposition 5.7.!"] (Theorem 5) If T € B(H) then the following are equivalent: 


theorem holds for 


1. ind(T — AD)ind(T — pI) > 0 for each pair A, uw € C — 90, (T). 
2. f(w(T)) = w(f(T)) for every f € H(a(T)). 
Proposition 5.8.!!7] (Lemma) If T € B(H) is isoloid, then 


f(a(L) — mo0(L)) = o(F(L)) — moo(f(Z)), for every f € H(o(T)). 
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Lemma 5.9. If T is a m-quasi class A; operator for some positive integers k and m, then 
f(w(T)) = w(f(Z)) for every f € H(o(T)). 
or —_ 
Proof. By Theorem 3.2, if ee on H = ran(T™) @ kerT*™, then T, is class A; 
operator on ran(T™) and T3 is nilpotent. Furthermore, o(T) = o(T1)U {0}. By Proposition 
5.4, f(w(T1)) = w(f(T1)). Hence by Proposition 5.3, 


w(f(T)) = w(f(Ti)) U w(F(T3)) = F(w(Ti)) U f(w(T3)) = F(w(Ti) U w(T3)) = f(w(T)). 


Lemma 5.10. If T’ is m-quasi class Ay, operator for some positive integers k and m, then 
ind(T — AI) <0 for all complex numbers A. 

Proof. Since T is of finite ascent by theorem 4.5, by| [8] , Proposition 3.5], ind(T’ — A) < 0 
for all complex numbers X. 

By Theorem 4.1 and Proposition 5.8, we get the following result immediately. 

Lemma 5.11. If T is a m-quasi class A, operator for some positive integers k and m, 
then f(o(T) — ro0(T)) = o(f(L)) — to0(f(T)), for every f € H(o(T)). 

By Lemma 5.10 and Proposition 5.7, the following result is trivial. 

Lemma 5.12. If T is a m-quasi class A; operator for some positive integers k and m, 
then f(w(T)) = w(f(T)) for every f € H(o(T)). 

T, To es 

Proof of Theorem 5.1. By Theorem 3.2, if T = ie on H = ran(T™) @ 
kerT*™, then T, is class Az operator on ran(T™) and T3 is nilpotent. Also by [24], Ty is 
isoloid and weyl’s theorem holds for T;, since 0 ¢ w(T,). Hence by Proposition 5.5, Weyl’s 


T, 
theorem holds for : . Therefore by Proposition 5.6, Weyl’s theorem holds for T = 
a3 
Ti T 
0 Ts 


Proof of Theorem 5.2. By Lemma 5.11, Theorem 5.1 and Lemma 5.12, for every 
f € M(o(T)), o(F(L)) — tool f(L)) = Flo(L) — mo0(T)) = f(w(L)) = w(f(T)). Hence Weyl’s 
theorem holds for f(T), for every f € H(o(T)). 


86. Tensor product 


Let H and K denote the Hilbert spaces. For given non-zero operators T € B(H) and 
S € B(K), T ®@ S denotes the tensor product on the product space H @ K. The normaloid 
property is invariant under the tensor products 2°], T @ S$ is normal if and only if T and S' are 
normal !!2:2), There exist paranormal operators T and S$ such that T®S is not paranormal |). 
In [3], B. P. Duggal showed that for non-zero T € B(H) and S € B(K), T®@S is p-hyponormal 
if and only if T and S are p-hyponormal. This result was extended to p-quasi hyponormal 
operators, class A operators , quasi-class A and class A, operators in [10], [11], [13] and [24] 


respectively. 
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In this section, we prove an analogous result for quasi-class A; operators. Tensor product 


of two non-zero operators satisfy: 
1. (T@S)/*(TES\=T*TE@S*S. 
2. |T @ S|? =|T|? @|S|?, for any positive real number p. 


In [21], J. Stochel has proved the following result. 
Proposition 6.1. Let A), Ag € B(H), Bi, Bo © B(K) be non-negative operators. If Aj 
and B, are non-zero, then the following assertions are equivalent: 


I, A, @® By < Ag ® Bo. 
2. there exists c > 0 such that A, < cAy and By < c7'Bzg. 


Theorem 6.2. If T € B(H) and S € B(K) are non-zero operators. Then T@S is m-quasi 
class A; operator if and only if one of the following holds: 


1. T and S are m-quasi class A; operators. 
2.771 —~ 0 or s™! =0. 
Proof. Consider 
(res) (res) |* — res?) (res 
= (resy” (|r @ st |" _ Ir? @ |S) res” 


(T @ s)*™ (lag _ In?) @ uae baad fs ITP @ (jeee[e _ is?)) (T @ 8)" 


= 2° 
— 7m (jee) tT ITI?) T™ ® gem Lge RtT gm 4: Tm (Z|? Tm ® gem 

(ana _ Is?) gm 
Hence, if either (i) T and S are m-quasi class A; operators or (ii) T™*+ = 0 or S™*! = 0, 


then T ® S is m- quasi class Ax operator. 
Conversely, suppose that T @ S is m-quasi class A, operator. Then by the above equality, 


2) eae 
saad (aa k+l ree ® sem art k+1 sm 
iy 
eer Te oee (oer | — Sis > 0, 
Therefore for every « € H and ye K, 


Cangas = artes) on |SE+1/ RT gm, uy) 


+(T*" (TP Tx, 2) (s*m(|St+1 FT — |SP)S™y,y) > 0. 


It is sufficient to prove that either (i) or (ii) holds. Assume the contrary that, neither of 
T™ and S™ is the zero operator and T is not m-quasi class A, operator. 
Then there exists x, € H such that 


a 
(rem [reel _ ITP )\T™ a4, 24) <0 and (T™ (TP Tap, 2%) > 0. 
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Let a = eae - ITP)T™ 24, 2%) and 3 = aoe EP ra 
Then a (S*" |S] FT gry, y) + 3 (sem(|StH[FT — |s)?)5™y, y) > 0 
=> (a+ £) (sv | se+1| sy,y) 20 (sv |S/? sy,y). 
Since a+ G < 3, this implies that (gem(|geh| FR - is?)5™y,y) > 0. Hence S is m-quasi 


class Ay operator. 
Using Holder-McCarthy inequality, 


(gem [gt] FT my y) = (geht ght chr gy, gy) 


poe 
(gO gittigny, sy) k+1 \|S""y|| err 


IA 


ttt yl) sm ype 


and 
( |s|? sm™y, y) _ arty, pity) a |S ty” ; 
ee 2k 
Therefore, (a + () _Serrry| aed \| Syl] > Bp srt ty||?. 
Since S' is m-quasi class Az operator, S has a decomposition of the form 


S, S. oe 
S= + 8) on H = ran(S™) @ ker(S*™), 
0 0 


where Sj is class A, operator on ran(S™). 
a 4 
Hence (a + 8) ||SPt**™E||F7 Sire] RT > B )smtte||? for all € € ran($™). Since S$; is 


normaloid [41 , 


2(k+1+m) 2km m : m m 
(a+ B) [Sil FA [SF > BI POY se (+ B) S17" > BIS PO. 


Hence S; = 0. Hence $?y = $;(Sy) = 0 for all y € K. This is a contradiction to that $? is 
not a zero operator. Hence T must be m-quasi class A, operator. In a similar manner, we can 
show that S is m-quasi class A; operator. Hence the result. 
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Abstract let n > 1 be an integer, log p(n) denote the number of regular integers m(mod n) 
such thatl <m <n. In this paper we shall establish a short interval result for the function 
log p(n). 


Keywords Regular integers (mod n), convolution method, short interval. 


§1. Introduction 


Let n > 1 be an integer. Consider the integers m for which there exists an integer x 
such that m?2 = m (mod n). Let Reg,= {m: 1 < m <n, m is regular (mod n)} and let 
p(n) = #Reg,, denote the number of regular integers m(mod n) such that 1 <m <n. This 
function is multiplicative and p(p”) = ¢(p”)+1 = p” —p”-1+1 for every prime power p’(v > 1), 
where ¢ is the Euler function. 

The average order of the function p(n) was consider in [4], [2]. One has 


jim S S- p(n) = =A & 0.4407 (1) 
n<a 
where 
A= (:- aGe5) > OTT (1~ Fa ~ pat pe) 0881 (2) 
is the so called quadratic class -number constant. More exactly, V. 8. Joshi 2) proved 
Se p(n) = 5 Aa? ~ Ria), (3) 
n<a 


where R(x) = O(xlog® x), This was improved into R(x) = O(a log? x) in [3], and into R(«) = 
O(a log x) in [5], using analytic methods. Also, R(a) = Q4(ax/log log x) was proved in [5]. 
Laszlé Téth | proved the “ee three results: 


DGG) pn =e + O(log? x), (4) 


eee 


1This work is supported by N. N. S. F. of China (Grant Nos: 10771127, 11001154) and N. S. F. of Shandong 
Province (Nos: BS2009SF018, ZR2010AQ009). 
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2 “ = Bxr+O ((log z)*/3 (log log ay? ; (5) 


p(n) 


1 log? 
a = Ciloge + G, +0 (78 *), (6) 
x 
n<ux 


where C and C2 are constants, 


— (28) rp-1) 
mo) n(: peo se): 


Recently Lixia Li '§! proved a result about the mean value of log p(n): 


S- log p(n) = vlog x + Cx + O(2'/? log?/? 2), (7) 
n<u 
where 
C=S0(1-p") So pt log(1 — pt +p). (8) 
p a=2 


In this paper, we shall prove the following short interval result. 


Theorem. If 25+? < y < 2, then 


ry 
S- log p(n) =cy+ f logtdt + O(yx~? +.a5t®), (9) 
a<n<aty . 
where C is given by (8). 


Notations. Throughout this paper, ¢ always denotes a fixed but sufficiently small positive 
constant. 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas and in the section we suppose 
that u is a complete number such that Meu < e?. 


Lemma 1. Suppose s is a complex number (Res > 1), then 


52 ON” = (5 — we-m(2s — 20+ 1)G(s,u), (10) 


where the Dirichlet series G(s, u) = S77~, arses) is absolutely convergent for Res > Meu — 5. 
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Vol. 7 
is multiplicative and by Euler product formula we have for 0 > 1 


Proof. Here (p(n))" 


that, 

ell “Th: (o(p))" , (o(?))" , (@*))" , (0) 

= ns a ps ps pes pts 
2u ul 1l)\u 3u 1 1 )u 

«pee b+ et pA- 345) 
-Y[(1+5+P oe” Oe 
Pp 
ee ae Die ele ad 
; ps—u p2s—2u 
_ Leu 14 3) 4+ MD (-1 4 4) + , ) 
pes—su 

u(—3 + fe) + MONEE AYP + 

= cs IT (1 . : 28s—Qu . . 

a Pp 
Oe ta Wee) oe) ) 
pes—3u 

7 ¢(s — u) Ul i udy | ae - | a) 

~ (4(2s—2u+1) ‘ prs—2u 

((s— u) 
= G 
¢u(2s — 2u +1) (3,4) 


and by the properties of Dirichlet series, it is absolutely 


So we get G(s,u) = oe, Se) 


convergent for Res > Reu — 7. 
Lemma 2. i 
SS gt a OU Oa (11) 
ut 


n<ux 


Proof. This is easily from partial summation formula. 
Let f(n,u),h(n.u) be arithmetic functions defined by the following Dirichlet series (for 


Res > 1): 
yo A = e(— wya(s,u), (12) 
n=1 
S A(n, u =4j 
tne ) = (~"(2s — 2u+1). (13) 
n=1 
Lemma 3. Let f(n,u) be an arithmetic function defined by (12), then we have 
(14) 


gurl 
Yfaw= eet bu) + O(1) + O(a™er), 


n<ux 


converges absolutely for a > Reu— 7 


Proof. From Lemma 1 the infinite series 7°, 2¢ 


it follows that 
di o(r,u) <1. 
n<x 
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Therefore from the definition of f(n,u)and Lemma 2, we obtain 


S- fln.u) = Sy m"g(k,u) 


n<ax na“ 
a S— glk, u) S- m"™ 
1 x u+tl1 Reu 
= Si g(k,u)| —— (7 )"*" + O(1) + O(2*"") 
u+l-k 
k<au 
1 


= utl 1) 4 Reu : 
aaa O(1) + O(a") 


Lemma 4. Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 


B(a,y;k,€) = S- 1. 


Then we have 
B(a,y;k,6) << yx © + pert log x. (15) 


Proof. This Lemma is very important when studying the short interval distribution of 
l-free numbers; Using Lemma 1, see for example [7]. 
Next we prove our Theorem. From Lemma 4 and the definition of f(n,u), h(n, wu), we get 


A(n,u) = dann < n2meute-l 


. pX(n) = SD Fle whl, 
So we have — 
Meta) = Floren) 
-3 401), (16) 
where 


So f(ku), 
< By <k< Sty 
> |f(k, u)h(m, w)]. 


e<km?<a2+y 


MM 
I l| 
M 

2 


m > «© 
In view of Lemma 3, 
G(uti,u) (779, a 
— eres ee if dt + O01) + O() 


Sy ee a t“dt + O(ya~ 2) + O(a*). (17) 
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By Lemma 4, we have 


a<km2<ety 


m > «© 


< 2° (ya-* + at**) 
<K yo 2 + wd 42", 


Now following, we obtain 


i G(ut+1,u) (7. _e 143, 
n<acat+y z 


I 


x+y i 
Hw) | t“dt + O(yx~?) + O(a5t2°). 


where H(u) := re 


By differentiating (19) term by term, we derive 


x+y 
S- p"(n) log p(n) = H'(u) | t“dt + H(u) / t" log tdt 


n<aca+y 2 w 


x+y 


+O(yx~?) + O(x5+2°), 
Letting u = 0 in (20), we get 


x+y 


S- log p(n) = H'(O)y + H(0) f log tdt + O(yx~ 2) + O(x3*?°), 


n<a<at+y % 


Now we evaluate H(0) and H’(0). From the definition of H(u), we obtain 


which immediately that H(0) = 1. 
Taking the logarithm derivative from both sides of (22) we get 


A'(u) _ 3 Raa Leos dee lege ee) 
Pp 


H(u) lt+pi+ye, ee ey ) 


which together with H(0) = 1 gives 


H'(0)=S-(1—p!) §) pC log(1—p"' +p°°). 


p a=2 


Now our theorem follows from (21) and (23). 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 
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Abstract An integer a is called regular (mod n) if there is an integer x such that a?x = a 
(mod n). Let p(n) denote the number of regular integers a( mod n) such that 1 <a <n, 6(n) 


say, 


is the Euler function. In this paper we investigate the mean value of the function (a 


where r > 1 is a fixed integer. 


Keywords Regular integer(mod n), Euler’s function, Euler product, convolution method. 


81. Introduction 


Let n > 1 be an integer. Consider the integer a for which there exist an x such that 
a*x =a (mod n). Properties of these integer were investigated by J. Morgado [12] who called 
them regular (mod n). 

Let Regn = {a : 1 < a < n,a is regular (mod n)} and let p(n) denote the number of 
regular integers a(mod n) such that 1 < a <n. This function is multiplicate and p(p’) = 
o(p’) + 1 = p” — pp’! +1 for every prime power p’(v > 1), where ¢ is the Euler function. 


Laszlé Toth @) proved that 


yc a = Cx + O((log x)*/3(log log x)*/9), (1) 


n<u 


where C is a constant. 


Let r > 1 be a fixed integer. The aim of the short paper is to establish the following 


asymptotic formula for the mean value of the function (S24), which generalizes (1). 


Theorem. Suppose r > 1 be a fixed integer, then 


5 Myr = Aver + O(log?" 2), 2) 


where A,. is a constant. 


1This work is supported by N. N. S. F. of China (Grant Nos: 10771127, 11001154) and N. S. F. of Shandong 
Province (Nos: BS2009SF018, ZR2010AQ009). 
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§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas, which can be found in Ivié 
4], Form now on, suppose ¢(s) denotes the Riemann-zeta function. 


Lemma 1. Suppose t > 2, then uniformly for 7 we have 


1, for 0 > 2; 
(a + it) K 4 logt, forl<a<2; 
{i-9)? logt, forO<o<1. 


or Ly for 0 > 2; 
Co+itht< 
logt, forl<o<2. 


Lemma 2. There exists an absolute constant c > 0 such that ¢(s) 4 0 for o > 1—jSaqpa)- 
Proof of the theorem. 
Let 
(oe) (Ayr 
p(n 
i= 1. 
f(s) 2d mae Res > 
It is easy to see that (S8yr is multiplicative, so by the Euler product formula, for Res > 1 
we have 
oo (S5})r 
_ p(n 
f(s): = d — 
(Pp) \r o(p?) r 
=|Ja e (ae) (pw) ) 
: ps ps 
-l)r = r 
= [[¢ G: ) (p=pHT) | ) 
ps ps 
Cte” Opa) 
=|Ja+ -— + re a ) 
7 Pp Pp 
pelts), Cel eats) 
=~ IIa Te Ss 2s T ) 
a Pp Pp 
b plese), Lear) 
a ute ps ps . + pes ps : ) 
P 
=((s 1 14 P P 
C( TT ph P 
i, page) 
+ prs pes aie ) 
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r il _— r(r+1) Be use) 
oa yy, (ae 


2 
=C(s 1 2 
( zak rr Fr 
r 1 r 1 
ple eet) get oe) 
ps ps ees ) 
r(r+l r(r+1) 
= ¢(s) [Ja 4 ed oid _ a 
‘ p° p* ps ps 
r(r+1) r(r+l1) | 
op ae 4 ees a 
Osa peer ig re 
_ C(s)C" (28 +1) Ta oe) 7 eel) 472 _ 
¢r(s +1) : pst2 pest2 
sa 9 ie 
_ RAN GG, 59 
Cr(s+1) 
Write eta Gris 
r(r ip rr 4 re fore) g(n) 
G(s,r):= 14+ 2 +e-)= 
( ) II pst2 p2st2 2d ns 
It is easy to check that Dirichlet series ee an) is absolutely convergent for Res > -2, so we 
have 
So lg(n)| <1. (3) 
nN<u 
Let 


nx p(n) mkl<a 
=a) No V1 
k<a I<2 mz 
= Salk) Dv (F +00) 
k<a I< 
= OS HO OC o(&) X lon(n)) (a 
k<a I< k<a I< 


z 
So it is reduced to compute 7)-,, u,(1) and )7/<.,, |vr(J)|. Similar to the proof of the prime 
number theorem, with the help of lemma 1, lemma 2 and perron’s formula we get 


Soo, (l) = C+ O(a), (5) 


where C(2s +1) x° 
iS) x 
C= Ress—0 G(s+1) 
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is a constant, € is a small positive real number. By the partial summation, we get form (4) that 


a ot) es a oI 
>a 
se DP =a +00) m 
<a l=1 ae 


= — Hr(™m) = d,(n) 


n2stl 
=1 
where d-(™) = doneny--n, bs Br(™) = Voim=my--m, H(m1) ++ w(mr), we obtain 


So 


which combining the well-known estimate 


a )<alog” a 


gives 
do er OI K log” a. (8) 
l<a 
Form (4)-(8), we obtain 
HM)» _ yr lh) ; 
aay? ap nae» >» M12 (1)|) 
=250 Me, + 002) + 00 lal 
=x i 114 ke gk SS Jord) 
k<a k<a I<z 
= O12 2 8 + OX oh) + OD (Hl t0g” Z 
Cie ; g g(k)|log™” =) 
k<a k<a k<a 
=o2> > p0@ + g(k) + S© |g(k)| log?” 
k=1 k>a k<au k<ax 
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where 


is a constant. 


This completes the proof of the theorem. 
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Abstract In 2008, Al-Thagafi and Shahzad 7] introduced the notion of occasionally weakly 
compatible mappings (shortly, owc maps) which is more general than the concept of weakly 
compatible maps. In the present paper, we prove some common fixed point theorems for owc 
maps in fuzzy metric spaces without considering the completeness of the whole space or any 
subspace, continuity of the involved maps and containment of ranges amongst involved maps. 
Keywords Triangle norm (t-norm), fuzzy metric space, weakly compatible maps, occasional 


-ly weakly compatible maps. 


81. Introduction 


In 1965, Zadeh [° introduced the concept of fuzzy sets. Since then, to use this concept 
in topology and analysis, many authors have expansively developed the theory of fuzzy sets 


21) 20] Kaleva and 


and applications. For example, Kramosil and Michalek 7], Erceg ?!], Deng | 
Seikkala 2°, Grabiec 24], Fang ??], George and Veeramani *), Mishra et al.8°), Subrahmanyam 
[88] Gregori and Sapena ?°] and Singh and Jain [37] have introduced the concept of fuzzy 
metric spaces in different ways. In applications of fuzzy set theory, the field of engineering 
has undoubtedly been a leader. All engineering disciplines such as civil engineering, electrical 
engineering, mechanical engineering, robotics, industrial engineering, computer engineering, 
nuclear engineering etc. have already been affected to various degrees by the new methodological 
possibilities opened by fuzzy sets. 

In 1998, Jungck and Rhoades 7) introduced the notion of weakly compatible mappings in 
metric spaces. Singh and Jain 87 formulated the notion of weakly compatible maps in fuzzy 
metric spaces. This condition has further been weakened by introducing the notion of owc maps 
by Al-Thagafi and Shahzad [7]. While Khan and Sumitra " extended the notion of owc maps 
in fuzzy metric spaces and proved some common fixed point theorems. It is worth to mention 
that every pair of weak compatible self-maps is owc but the reverse is not always true. Many 


authors proved common fixed point theorems for owc maps on various spaces (see [1-15, 17-19, 
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28, 29, 31, 34, 35, 39]). 
In this paper, we prove some common fixed point theorems for owc maps in fuzzy met- 
ric spaces. Our results do not require the completeness of the whole space or any subspace, 


continuity of the involved maps and containment of ranges amongst involved maps. 


§2. Preliminaries 


Definition 2.1. A triangular norm * (shortly t-norm) is a binary operation on the unit 
interval [0,1] such that for all a,b,c,d € [0,1] and the following conditions are satisfied: 


1. axl=a, 

2. a*xb=bxa, 

3. ax b <cxd whenever a <c and b<d, 
4. (ax b) x*c=ax (bx). 


Two typical examples of continuous t-norms are a * b = min{a,b} and a* b= ab. 

Definition 2.2.7] A 3-tuple (X,M,*) is said to be a fuzzy metric space if X is an 
arbitrary set, * is a continuous t-norm and M is a fuzzy set on X? x (0,00) satisfying the 
following conditions, for all x,y,z € X,t,s > 0, 


1. M(a,y,t) = 0, 

2. M(a,y,t) =1 if and only if « = y, 

3. M(a,y,t) = M(y,2,¢), 

4. M(a,z,t+s) > M(a,y,t) * M(y,z, 8s), 
5. M(a,y,-) : (0,00) — (0, 1] is continuous. 


Then M is called a fuzzy metric on X. Then M(za, y,t) denotes the degree of nearness between 
x and y with respect to t. 

Example 2.3.!?3] Let (X,d) be a metric space. Denote a * b = a.b (or a * b = min{a, b}) 
for all a,b € [0,1] and let Ma be fuzzy sets on X? x (0,00) defined as follows: 


Ma(#,¥,t) = Gateay: 


Then (X, Mua, *) is a fuzzy metric space. We call this fuzzy metric induced by a metric d. 

Lemma 2.4.|!624] For all 2, y € X,(X,M,-) is non-decreasing function. 

Definition 2.5.!°7! Let (X, M,x«) be a fuzzy metric space, A and B be self maps of non- 
empty X. A point x € X is called a coincidence point of A and B if and only if Av = Bz. In 
this case w = Ax = Bz is called a point of coincidence of A and B. 

Definition 2.6.27] Two self mappings A and B of a fuzzy metric space (X,M,*) are said 
to be weakly compatible if they commute at their coincidence points, that is, if Ax = Ba for 
some x € X then ABx = BAxz. 
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Lemma 2.7. If a fuzzy metric space (X, M,*) satisfies M(x, y,t) = C, for all t > 0 with 
fixed x,y € X. Then we have C=1anda=y. 

Lemma 2.8.4 Let the function ¢(t) satisfy the following condition (®) : 6(t) : [0,00) > 
[0, co) is non-decreasing and }>*°_, é"(t) < oo for all t > 0, when $”(t) denotes the n‘” iterative 
function of d(t). Then ¢(t) < ¢ for all t > 0. 

The following concept due to Al-Thagafi and Shahzad [7—§] is a proper generalization of 
nontrivial weakly compatible maps which do have a coincidence point. The counterpart of the 
concept of owc maps in fuzzy metric spaces is as follows: 

Definition 2.9. Two self maps A and B of a fuzzy metric space (X, M,*) are owc if and 
only if there is a point « € X which is a coincidence point of A and B at which A and B 
commute. 

From the following example it is clear that the notion of owc maps is more general than 
the concept of weakly compatible maps. 

Example 2.10. Let (X,M,x*) be a fuzzy metric space, where X = [0,00) and 


M(c,y,t) = aes 


for allt > 0 and x,y € X. Define A,B: X > X by A(x) = 3x and B(x) = 2? for all x € X. 
Then A(z) = B(x) for « = 0,3 but AB(0) = BA(0) and AB(3) 4 BA(3). Thus A and B are 
owc maps but not weakly compatible. 

The following lemma is on the lines of Jungck and Rhoades 78). 

Lemma 2.11. Let (X,M,*) be a fuzzy metric space, A and B are owc self maps of X. 
If A and B have a unique point of coincidence, w = Av = Bz, then w is the unique common 
fixed point of A and B. 

Proof. Since A and B are owc, there exists a point x in X such that Av = Bx = w and 
ABax = BAz. Thus, AAx = ABx = BAz, which says that Az is also a point of coincidence of 
A and B. Since the point of coincidence w = Az is unique by hypothesis, BAr = AAx = Az, 
and w = Az is a common fixed point of A and B. 

Moreover, if z is any common fixed point of A and B, then z = Az = Bz = w by the 


uniqueness of the point of coincidence. 


§3. Results 


First, we prove a common fixed point theorem for four single-valued self maps in fuzzy 
metric space. 
Theorem 3.1. Let A,B, S and T be self maps on fuzzy metric space (X, M,*), where « 
is a continuous t-norm with a * a> a for all a € [0,1]. Further, let the pairs (A, 5’) and (B,T) 
are each owc satisfying: 
M(Sx,Ty,t) * M(Aa, Sa, t) * M(By, Ty,t) 


M(Az, By, $(t)) = 
(Ax, By, o(t)) *M(Az, Ty,t) * M(By, Sa, 2t) (1) 


for all z,y € X andt > 0. Here, the function ¢(t) : [0,co) — [0, 00) is onto, strictly increasing 
and satisfies condition (®). Then there exists a unique point w € X such that Aw = Sw =w 
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and a unique point z € X such that Bz = Tz = z. Moreover, z = w, so that there is a unique 
common fixed point A, B,S and T. 

Proof. Since the pairs (A, S) and (B,T) are each owc, there exist points u,v € X such 
that Au = Su, ASu = SAu and Bu = Tv, BTv = TBv. Now we show that Au = Bu. Putting 
x =uand y = v in inequality (1), then we get 


M(Su, Tv,t) * M(Au, Su,t) * M(B, Tv, t) 
*M (Au, Tv, at) « M(By, Su, 2t) 


M(Au, Bu, d(t)) 


IV 


M (Au, Bu, t) * M(Au, Au, t) * M(Bu, By, t) 
*M (Au, Bu, t) * M(Bu, Au, 2t) 
= {M(Au, Bv,t) *1*1%* M(Au, Bu,t) * M(Bu, Au, 2t)}, 


then we have 


M(Au, Bu, ¢(t)) > M(Au, Bo, t). 


On the other hand, since M is non-decreasing, we get M(Au, Bu, d(t)) < M(Au, Bu, t). 
Hence, M(Au, Bu,t) = C for all t > 0. From Lemma 2.7, we conclude that C = 1, that 
is Au = Bu. Therefore, Au = Su = Bu = Tv. Moreover, if there is another point z such 
that Az = Sz. Then using inequality (1) it follows that Az = Sz = Bv = Tv, or Au = Az. 
Hence w = Au = Su is the unique point of coincidence of A and S. By Lemma 2.11, w is the 
unique common fixed point of A and S. Similarly, there is a unique point z € X such that 
z= Bz=Tz. Suppose that w 4 z and taking x = w, y = z in inequality (1), then we get 


M(Sw,Tz,t) * M(Aw, Sw,t) * M(Bz,Tz,t) 
*M (Aw, Tz, t) * M(Bz, Sw, 2t) 


M(Au, Bz, ¢(t)) = 


M(w, z,t) * M(w,w,t) « M(z, z,¢t) 
*M(w, z,t) * M(z, w, 2t) 
{M(w, z,t) *l*1* M(w,z,t) * M(z,w, 2t)}, 


IV 


M(w, z, o(t)) 


thus it follows that 


M(w,z, d(t)) > M(w, z,t). 


Since M is non-decreasing, we get M(w, z, d(t)) < M(w,z,t). Hence, M(w,z,t) = C for 
all t > 0. From Lemma 2.7, we conclude that C' = 1, that is w = z. Hence w is the unique 
common fixed point of the self maps A, B,S and T in X. 

Now, we give an example which illustrates Theorem 3.1. 

Example 3.2. Let X = [0,4] with the metric d defined by d(x, y) = |x — y| and for each 
t € [0,1] define 
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—t __ ift>0; 
M(2,y,t)= 4 ew! 
0, ift=0. 


for all x,y € X. Clearly (X, M,*) be a fuzzy metric space, where * is a continuous t-norm with 
* = min. Define ¢(t) = kt, where k € (0,1) and the self maps A, B, S and T by 


x, if0<a2< 2; 2, if0<a4< 2; 
A(x) = S(x2) = 

3, if2<a<4. 0, if2<a<4. 

2, ifO0<27<2; 2, if0<24<2; 
B(x) = T(a) = 

4, if2<a<4. ay t2<ed 


Then A, B,S and T satisfy all the conditions of Theorem 3.1. Notice that AS(2) = A(2) =2= 
S(2) = SA(2) and BT(2) = B(2) = 2 =T(2) = TB(2), that is A and S as well as B and T are 
owc. Hence, 2 is the unique common fixed point of A, B,S and T. This example never requires 


any condition on containment of ranges amongst involved maps. On the other hand, it is clear 
to see that the self maps A, B,S and T are discontinuous at 2. 
On taking A = B and S = T in Theorem 3.1, then we get the following result: 
Corollary 3.3. Let A and S be self maps on fuzzy metric space (X,M,*) where * is a 
continuous t-norm and a*a > a for all a € [0,1]. Further, let the pair (A, S) is owc satisfying: 


M(S«a, Sy,t) * M(Az, Sx, t) * M(Ay, Sy, t) 
M(Az, Ay, 9(t)) 2 (2) 
*M (Aa, Sy, t) « M(Ay, Sz, 2t) 


for all x,y € X andt > 0. Here, the function (t) : [0,00) — [0,00) is onto, strictly increasing 
and satisfies condition (®). Then A and S have a unique common fixed point in X. 

Now, we extend Theorem 3.1 and Corollary 3.3 to any even number of self-maps in fuzzy 
metric space. 

Theorem 3.4. Let P,, Po,..., P2,, A and B be self maps on fuzzy metric space (X, M, *), 
where * is a continuous t-norm with a*a > a for all a € [0,1]. Further, let the pairs 
(A, P, P3...Po,—1) and (B, P2P,... Pon) are each owc satisfying: 


M(P,P3...Pan—1@, P2 Py... Pany,t) 
M (Aa, By, ¢(t)) 2 +*M (Az, P, P3... Pon—12,t) * M(By, PoPs... Pony, t) (3) 
*M (Aa, PP, wee Pony, t) * M(By, P, P3 aes Poy_1X, 2t) 


for all x,y € X andt > 0. Here, the function $(t) : [0,00) — [0,00) is onto, strictly increasing 
and satisfies condition (®). Suppose that 

PP 2 Pi a Pac Pe a 

PP Pie 5 Pa Pi Pe 


P,... Pon—3(Pon—1) = (Pan-1) Pi... Pons, 
A(P3 wens Pey-1) = (P3 ak Pon-1)A, 
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A(Ps eio% P2n-1) = (Ps a ita Pon-1)A, 


APon—1 = Pan—iA, 

similarly, 

BP Pel Cnc BBs 
Pe Peel Pca: 


P2... Pon—2( Pon) = (Pon) Po... Pon—2, 
BU Pot Pay = (Pc PB: 
B(P... Pan) = (Ps... Pon)B, 


BPo, = Po, B. 

Then P,, P2,..., Po,,A and B have a unique common fixed point in X. 

Proof. Since the pairs (A, P, P3...P2n_1) and (B, P2P,... Pon) are each owc then there 
exist points u,v € X such that Au = P, P3...P2,-ju, ACP) P3... Pon—1)u = (Pi P3... Pan—1)Au 
and Bu = P:P,...Ponv, B(P2P,...Pon)v = (PoP... P2,)Bu. Now we show that Au = Bu. 
Taking x = u and y = v in inequality (3), then we get 


M(P,P3... Panu, P2 Py... Pan, t) 
*M (Au, Pi Ps... Pan—1u,t) * M( Bu, P2P,... Ponv,t) 
*M (Au, P2Py...Ponv,t) *« M(Bu, P, P3... Pan—1Uu, 2t) 


M(Au, Bu, d(t)) 


IV 


M (Au, Bu,t) * M(Au, Au, t) * M(Bu, Bu, t) 
*M (Au, Bu, t) * M(Bu, Au, 2t) 
{M (Au, Bu,t) *1*1%* M(Au, Bu, t) * M(By, Au, 2t)}, 


then we have 


M(Au, Bu, ¢(t)) = M(Au, Bu, t). 


On the other hand, since M is non-decreasing, we get M(Au, Bu, d(t)) < M(Au, Bu,t). 
Hence, M(Au, Bv,t) = C for all t > 0. From Lemma 2.7, we conclude that C = 1, that is 
Au = Bv. Moreover, if there is another point z such that Az = P, P3...P2,_,z. Then using 
inequality (3) it follows that Az = P, P3...Po,-1z = Bu = P2P,...P2,v, or Au = Az. Hence, 
w= Au = P,P3...P2,_\u is the unique point of coincidence of A and P;P3... P21. From 
Lemma 2.11, it follows that w is the unique common fixed point of A and P, P3...P2n_1. By 
symmetry, ¢ = Bu = PoP,...Ponv is the unique common fixed point of B and P)P,... Pon. 
Since w = q, we obtain that w is the unique common fixed point of B and P2P,...P2,. Now, 
we show that w is the fixed point of all the component mappings. Putting 7 = P3...P2n,_1u, 
y = w, P, = P\P3... Pon_1 and P, = P)P,... Pon in inequality (3), we have 
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M(P,P3... Pon—1w, Pyw, t) 
*M(AP3... Pon_1w, P, P3... Pon—1w,t) 
*M(Bu, Pyw,t) * M(AP3... Pon_1w, Pw, t) 
+M(Bu, P, P3... Pon—1w, 2t) 


M(AP3...Pan-1w, Bw, o(t)) 


M(P3 wee Poyn_1, w, t) 
M(P3...Pan—1w,w, o(t)) Zz *M(P3...Pon-1w, P3...Pon-1w,t) * M(w,w,t) 
*M(P3 ee Pon-1, w, t) * M(u, P3 was Poy»_1w, 2t) 
M(P3...Pan—-1w,w,t) *1*1 
*M(P3 58 . Pon-1w, w,t) * M(w, Ps Aree Pon_1w, 2t) 


thus, it follows that 


M(P3...Pan—1w,w, o(t)) = M(P3...Pan-1w,w,t). 


Since M is non-decreasing, we get M(P3...Pon_iw,w,6(t)) < M(P3...Pon_1w,w,t). 
Hence, M(P3...Pan—1w,w,t) = C for all t > 0. From Lemma 2.7 we conclude that C = 1, 
that is P3...Pa,-yw = w. Hence, Pw = w. Continuing this procedure, we have 


Aw = Piw = Paw =... = Pon_jw=w. 


So, Bw Pow Pyw isa Px,w = w. So, w is the unique common fixed point of 
P,, Po,..., Pon, A and B. 

The following result is a slight generalization of Theorem 3.4. 

Corollary 3.5. Let {T¢}ce,; and {P;}?", be two families of self maps on fuzzy metric 
space (X, M,*) where * is a continuous t-norm with a* a> a for all a € [0,1]. Further, let the 
pairs (Te, P, Pz... Pan—1) and (Te, P2P,... P2n) are each owe satisfying: for a fixed € € J, 


M(P,P3... Pan—10, P2P,... Pony,t) 
M(Tex, Tey, O(t)) = 4 *M (Tea, Pi P3... Pan—ia,t) * M(Tey, PoP... Pony, t) (4) 
*M (Tea, PP, see Pony, t) * M (Tey, P, P3 see Pon-12, 2t) 


for all z,y € X andt > 0. Here, the function ¢(t) : [0,0co) — [0, 00) is onto, strictly increasing 
and satisfies condition (®). Suppose that 

PP Pe SP Pi 

PPPs Pena) S Phe Pe PP 


P, .: » Pon —3(Pan—1) = (Pan—1)P1 tee Pon—3; 
TAPS vii Pied = (Paes Pin ate, 
DA Pe x 0 Ping 1) SPs Phpad Ve 
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ee ome 

similarly, 

P2(Py... Pan) = (Pa... Pan) Pa, 
P2P,(Pe... Pan) = (Pe... Pan) PoP, 


P,... Pon—2( Pon) = (Pan) Po... Pon—2, 
Te(Pa ini Pag) = (Pio. Pag Te, 
TH P58 Pag) & (Pic Pra lTe 


TePon = PonTe. 

Then all {P;} and {Z¢} have a unique common fixed point in X. 

Remark 3.6. The conclusions of our results remain true if we take o(t) = kt, where 
k € (0,1). 
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Abstract In this paper, a super class of k-paranormal operators properly containing it is 
studied. Composition operators and weighted composition operators of this class are also 
characterized. 

Keywords Paranormal, k-paranormal, ek-paranormal, weighted composition operators and 


Aluthge transformation. 


81. Introduction 


Let B(H) be the Banach Algebra of all bounded linear operators on a non-zero complex 
Hilbert space H. By an operator, we mean an element from B(H). If T lies in B(H), then T* 
denotes the adjoint of T in B(H). For 0 < p < 1, an operator T is said to be p-hyponormal 
if (7*T)? > (TT*)?. If p= 1, T is called hyponormal. If p = 4, T is called semi-hyponormal. 
An operator T is called paranormal, if |Tz||? < ||722"| ||a|| , for every « € H. An operator T is 
normaloid if r(T) = ||T||, where r(T) is the spectral radius of T or ||T'|" = ||T”|| for all positive 
integers n. 

In general, hyponormal => p-hyponormal =paranormal => k-paranormal. 

Ando |] has characterized paranormal operators as follows: 

Theorem 1.1. An operator T € B(H) is paranormal if and only if T*?T?—2kT*T+k? > 0, 
for every k € R. 

Generalising this, Yuan and Gao !!8) has characterised k-paranormal operators as follows: 

Theorem 1.2. For each positive integer k, an operator T € B(H) is k-paranormal if and 
only if Te" Pe — 1 + pt TT + kp! *T > 0, for every i > 0. 

In [10], Uchiyama gives a matrix representation for a paranormal operator with respect to 
the direct sum of an eigenspace and its orthogonal complement. 

In this paper we characterize the new class of operators which properly contains k-paranorm 
-al operators, discuss its matrix representation and prove some more properties. We also char- 


acterize the composition operators and weighted composition operators of this class. 


!This work is supported by the UGC, New Delhi (Grant F. No: 34-148/2008(SR)). 
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§2. Preliminaries 


Let (X, ©, \) be a sigma-finite measure space. The relation of being almost everywhere, 
denoted by a.e, is an equivalence relation in L?(X, X, A) and this equivalence relation splits 
L?(X, ©, X) into equivalence classes. Let T be a measurable transformation from X into itself. 
L?(X, X, ) is denoted as L?(A). The equation Cr f = f oT, f € L?(A) defines a composition 
transformation on L?(\). T induces a composition operator Cp on L?(A) if (i) the measure 
AoT~! is absolutely continuous with respect to and (ii) the Radon-Nikodym derivative levee 
is essentially bounded (Nordgren). Harrington and Whitley have shown that if Cp € B(L?(A)), 
then C3,Crf = fof and CrC+f = (fooT)Pf for all f € L?(A) where P denotes the projection 
of L?(XA) onto ran(Cr). Thus it follows that Cy has dense range if and only if CpO% is the 
operator of multiplication by fo o T, where fp denotes a. Every essentially bounded 
complex valued measurable function fp induces a bounded operator My, on L?(A), which is 
defined by My, f = fof, for every f € L?(A). Further C}.Cr = My, and CHC = M,,. Let us 
denote ar) by hi.e fo by A and le by hy, where & is a positive integer greater than or 
equal to one. Then CZ.C'rp = M;, and C%?Cr? = Mp,. In general, C%"Cr* = Mp,, where Mp, 
is the multiplication operator on L?(X) induced by the complex valued measurable function hx. 
Hyponormal composition operators are studied by Alan Lambert [!], Paranormal composition 


operators are studied by T. Veluchamy and S. Panayappan [4J. 


§3. Definition and properties 


Defnition 3.1. An operator T satisfying the condition \|72+F || OF \|[Tx|| * > ||722|| ; 
for some integer k > 1 and for every x € H is called extended k-paranormal operator or, in 
short ek-paranormal operators. 

If we replace x by Tx in the definition of k-paranormal operators, we get ek-paranormal 
operators. But the converse is not true. This is clear from the following example. 

Example 3.2. Let H = C? and T = . Then T is not k-paranormal for any 
positive integer k. But T’ is ek-paranormal. 

We characterize ek-paranormal operators as below. 


Theorem 3.3. For each positive integer k, an operator T is ek-paranormal if and only if 
peethgeth (14 hye TT + ha Or > 0 for every wo > 0: 


Example 3.4. Let H be the direct sum of a denumerable number of copies of two dimen- 
sional Hilbert space R x R. Let A and B be two positive operators on R x R. For any fixed 
positive integer n, define an operator T’ = T4\B,n on as follows: 


T ((a1, %2,..-) = (0, A(a1), A(w2),..., A(@n), B(@n41),--.). 


Its adjoint is T* ((a1, v2,...)) = (A(%2), A(as),..., A(@n41), Blan42),-.-). 
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Let n > k. Then by Theorem 3.3, T is ek-paranormal if the following conditions are satisfied 
by A and B. 


Aitek -_ (1 aie k)p* A4 fe yaa: > 0 
Bitek = (1 ni k)u* B* 1 ki t* B? > 0 
Aer es fee ey Ate he a OS Ob forma 12 
and AB?*2*A4—(1+k)p*AB?A+kp FA? > 0. 
1 0 1 1 : A 
For A = and B= , L,B,n satisfies the above conditions for every 
1 1 


integer k > 1. Hence T is ek-paranormal, for every k > 1. 
Theorem 3.5. If T is ek-paranormal for k = 1, then T is ek-paranormal for every positive 


integer k. 
Proof. Let T be ek-paranormal for k = 1. Then 
T32\|" 
|P*2|| Tel" = va Pa? > |[r%x|°. 


Hence T is ek-paranormal for k = 2. Similarly we can show that if T is ek-paranormal for 
both k = 1 and k = 2, then T is ek-paranormal for k = 3, and so on for every positive integer 
k. 

Theorem 3.6. If T is ek-paranormal and if a is a scalar , then aT is also ek-paranormal. 

Proof. If a = 0, the result is trivial. So assume that a 4 0.. Then for any p > 0, 


(aT)*?** (qT)?2t+* — (1 + k)p*(al)*? (aT)? + kut*(aT)*(aT) 


k 1+k 
2+k 
= (a) er a (7) Cr te (7) er Si: 
a a 


Hence aT is ek-paranormal. 
The following example shows that the ek-paranormal operators are not translation invari- 


ant. 


0 0 
Example 3.7. Recall that if H = C?, then T = is ek-paranormal for every 
1 0 


1 0 
positive integer k. But T+1= is not ek-paranormal for any positive integer k. 
1 1 


Theorem 3.8. Let T be ek-paranormal, 0 # A € o,(T) and T is of the form T = 
Th 
0 Ts 


on ker(T — \) @ ker(T — A)+, then 


fe Te p\ 


Proof. Without loss of generality, assume that \ = 1. Since T is ek-paranormal, taking 


pu = 1, we have 
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0 < pretkpotk _ (1 4 rer 4 kT*T = 


0 T2T3 +--+ + T2T3** — (1 + k)TaT3 
TeTe te tT Te (TET +e tT (G4 +B) +R 
—(L+k)T$TZ 9 —(1 +k) (TF + THTZ)(To + ToT3) + TH°TZ) + k(TZT2 + THT) 
A matrix of the form 7 : >0 & X>0,2Z>0andY = X!?WZ?/?, for 


some contraction W. Hence we get the required result. 
Theorem 3.9. Let T be ek-paranormal, 0 # \ € o,(T) and T is of the form T = 


A To 
0 Ts 


on ker(T’ — A) @ ker(T — A)+, then 73 is also ek-paranormal. 


Proof. Using Theorem 3.3, 


X(u)  Y(u) 
Y(u)* Z(H) 
where X (uz) = 1—(1+k)p* +kyFt! Y(u) = (1—(1 +k) + ky * +1) 7 + (1+k)T273(1—p*) and 


Z(w) = (1—(1 +k) * + kp) TST, + (1 +k) (Te ToT 3 + TETZT2) (1 — *) + (1+ ke) TS TS T2T3(1 + 
k— pe) 4 aaa ae _ (1 ae a ag Rad i +4 gama! Bead EM 


Pere rrr a(R re eee = 


xX Y 
Using the result >0eX>0, Z>OandY = X!/2WZ?!/2, for some contrac- 
Y*. Z 


tion W, we get (i) X() > 0, (ii) Z(4) > 0 and (iii) there exists a contraction W(y) such that 
Y (wu) = X(p)'/?W(u)Z(w)'/?.. Therefore, 


T ae a (1 +k) PT? 27,2 4 hie re > ( ae 


T3 T3 ToTs, 
where f(u) = (1+ k)(1—p*)X(p) > 0 for all p > 0, since f(y) has a minimum value at p = 1. 
Hence 73 is ek-paranormal. 

Theorem 3.10. If Tis a ek-paranormal operator and ||7 | = ||T|\’ for some j > 2, then 
T is a normaloid. 

Proof. For any j > 2, 


a < |pral| fora" 
< [ret 77-4" \jar||**2 
+ jy < presy ey 
Hence POPP = [fra s |pres] ey s [fel rie 
Hence |TI\*2  <_ |lr*+ 
and hence |\T||"*2 = |\r*+d 
Hence by induction, for all positive integers J, ||T'||'"t? = estan | Therefore, there exists a 
subsequence {7} of {T7”} such that lim ore t/ => |/T||. Hence r(T) = ||Z||. Hence T is 


normaloid. 
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Theorem 3.11. If T is ek-paranormal, for some positive integer k, then asc( T) is finite. 

Proof. By the definition of the operator, ker T**+? is a subset of ker T?, which in turn is 
a subset of ker T*+!. Hence ker T*+! = ker T*+? and hence the result. 

Theorem 3.12. If TJ is ek-paranormal for some positive integer k and commutes with an 
isometric operator S, then ST is ek-paranormal. 


Proof. Since S' is an isometry, S*.S = I. Therefore, 


(Sry? (97) *— 0 ees (or) +k rr (sr) 
pretkp2+k _ (1 ae yer r zi ry mal ba > 0. 


Hence is ek-paranormal. 

Theorem 3.13. An operator unitarily equivalent to a ek-paranormal for some positive 
integer k, is also a ek-paranormal operator. 

Proof. Let S be unitarily equivalent to a ek-paranormal operator T, for some positive 
integer k. Then S = UTU* for some unitary operator U. Hence 


||S2*F al] ||Sa|* = |luTe+ku*a|| |UTU*2| 
|u*rru)" 


= [Stal 


IV 


Hence S is also ek-paranormal. Hence the result. 


§4. Composition operators of ek-paranormal operators 
Theorem 4.1. For each positive integer k, Cr is ek-paranormal if and only if 
hore — (1+ k)u*he + ku **h > 0 a.e., for every pp > 0. 
Proof. Cy is ek-paranormal for a positive integer & if and only if 
OT Op * _ (1-4 Bu Ce Or? + ky CR Cr > 0, for every p> 0, 
if and only if for every f € L?(A), 
(op? or?**f, f) — (1+ k)uk (CHORE, f) + kul** (C$Orf, f) 20, 


if and only if (haya f, f)—(L+k)u" (haf, f) + ku (hf, f) = 0, 
if and only if for every characteristic function xg of E in &, 


| (hope — (1 +k) he + ku'**h)y exe da > 0, 
x 


if and only if hoy, —(1+k)y*ho + ku t*h > 0 ae. for every p > 0. 
Corollary 4.2. Cr is ek-paranormal for a positive integer k if and only if i < hos,h* 
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§5. Weighted composition operators and Aluthge transfor- 


mation of k-paranormal operators 


A weighted composition operator induced by T is defined as Wf = w(f oT), is a complex 
valued © measurable function. Let wz denote w(woT)(woT?)---(woT*-!). Then W* f = 
wr(foT)* 9. To examine the weighted composition operators effectively Alan Lambert [!) 
associated conditional expectation operator E with T as E(-/T~!X) = E(-). E(f) is defined 
for each non-negative measurable function f € L?(p > 1) and is uniquely determined by the 
conditions 


1. E(f) is T~1¥ measurable. 
2. if Bis any T~!D measurable set for which [,, fdA converges, we have J, fd\ = [, E(f)da. 


As an operator on L?, E is the projection onto the closure of range of T and F is the identity 
operator on L? if and only if T~'X = ¥. Detailed discussion of E is found in [6], [12] and [7]. 
The following proposition due to Campbell and Jamison is well-known. 
Proposition 5.1.!) For w > 0, 


1. W*Wf =h[E(w?)) oT 'f. 
2. WW* f =w(hoT)E(wf). 
Since W* f = wp(foT*) and W** f = hy E(wzf)oT—*, we have W**W* = hy E(w2)oT-* f, 
for f € L?(\). Now we are ready to characterize k-paranormal weighted composition operators. 
Theorem 5.2. Let W € B(L?(A)). Then W is ek-paranormal if and only if hj,42E(w745)0 
T~ +2) _ (14 k)p*ho E(w) o T-? + ku *hE(w?) oT-1 > 0 ae, for every pw > 0. 


Proof. Since W is ek-paranormal, 
wethyy2tk _ (14 k)p*w?w? + kul t*W*W > 0, for every > 0. 
Hence 
i heya (wes) oT “F?) — (1+ k) ut ho E(w3) oT? + ku **hE(w?) oT* dd > 0 
for every E € & and so 
hyyoE(we49)0T **?) — (14k) u* ho E(w3)oT 2 +k **hE(w?)oT—} > 0 ae. for every p> 0. 


Corollary 5.3. Let T~!X = X. Then W is ek-paranormal if and only if Arpowess fe) 
T~ +2) _ (14 k)p* how? o T-? + ku *hw? oT-1 > 0 ae. for every p> 0. 

The Aluthge transformation of T is the operator T given by T = ee U alae It was 
introduced by Aluthge !, More generally we may form the family of operators T, :0 <r <1 
where T, = |T|"U|T|'~" 81. For a composition operator C, the polar decomposition is given 
by C = U|C| where |C| f = VAf and Uf = Turf oT. Lambert |! has given a more 


general Aluthge transformation for composition operators as C, = |C|"U|C|'~" as C,f = 
r/2 


(a)? f oT. ie C;, is weighted composition with weight 7 = (;47) 
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Corollary 5.4. Let C, € B(L?(\)). Then C,. is of ek-paranormal if and only if 


Ap+oE (m4) © Poe) (+h boot +i Bo er S0 


a.e. for every ps > 0. 
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81. Introduction 


In 1966, K. Iseki introduced the notion of a BCl-algebras which is a generalization of BCK- 
algebras. He defined a BCI-algebra as an algebra (X, *,0) of type (2,0) satisfying the following 
conditions: (BCI 1) ((a*y) *(a@*z)) *(z*y) = 0, (BCI 2) (a*(xx*y)) *y =0, (BCI 3) xxx =0, 
(BCI 4) cxy =0= yx imply z = y, (BCI 5) x *0 = 0 imply « = 0, for all z,y,z € X. If 
(BCI 5) is replaced by (BCI 6) 0 x 2 = 0 for all x € X, the algebra (X, *,0) is called BCK- 
algebra. In 1983, Hu and Li introduced the notion of a BCH-algebras which is a generalization 
of the notions of BCK-algebra and BCI-algebras. They have studied a few properties of these 
algebras and defined a BCH-algebra as an algebra (X, *,0) of type (2,0) satisfying the following 
conditions: (BCH 1) 2 «x = 0, (BCH 2) (xx*x y)* z = (a@* z) xy, (BCH 3) rxy=O0=yxe 
imply « = y, for all x,y,z € X. In 1998, Dudek and Zhang studied ideals and congruences 
of BCC-algebras. They gave the concept of homomorphisms and quotient of BCC-algebras. 
They presented some related properties of them. In 2006 Dar and Akram studied properties of 
endomorphism in BCH-algebra. 

In this paper, we introduce a new algebraic structure, called SU-algebra and a concept 
of ideal and homomorphisms in SU-algebra. We also describe connections between ideals and 
congruences. We investigated some related properties of them. Moreover, this paper is to 
derive some straightforward consequences of the relations between quotient SU-algebras and 


isomorphisms and also investigate some of its properties. 


§2. The structure of SU-algebra 


Definition 2.1. A SU-algebra is an algebra (X, *,0) of type (2,0) satisfying the following 


conditions: 
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(1) (wy) «(w*2)) * (y*2) =0, 
(2) 7*0=2, 
(3) if a * y = 0 imply « = y for all x,y,z € X. 
From now on, X denotes a SU-algebra (X,*,0) and a binary operation will be denoted by 
juxtaposition. 
Example 2.2. Let X = {0,1, 2,3} be a set in which operation * is defined by the following: 


* 


wn FF © 

wn fF O|]oO 
Oo wo oO FTF 
F CO Ww NY] bh 
oF NY WwW] w 


Then X is a SU-algebra. 
Theorem 2.3. Let X be a SU-algebra. Then the following results hold for all x,y,z € X. 


5) ((xz)(yz))(xy) = 0, 
6) cy = 0 if and only if (xz)(yz) = 0, 


(1 
(2) 
(3) 
(4) (ey) = = 0, 
(5) 
(6) 
(7) zy = x if and only if y = 0. 
Theorem 2.4. Let X be a SU-algebra. A relation < on X is defined by x < y if ry = 0. 
Then (X, <) is a partially ordered set. 
Theorem 2.5. Let X be a SU-algebra. Then the following results hold for all x,y,z € X. 
(1) a < yif and only if y < a, 
(2) « <0 if and only if x = 0, 
(3) ifa < y, then xz < yz. 
Theorem 2.6. Let X be a SU-algebra. Then the following results hold for all x,y,z € X. 
(1) (wy)z = (w2)y, 
(2) x(yz) = 2(yz), 
(3) (y)z = 2(y2), 
Theorem 2.7. Let X be a SU-algebra. If xz = yz, then x = y for all x,y,z € X. 
Theorem 2.8. Let X be a SU-algebra and a € X. If aw = x for all x € X, thena =z. 


§3. Ideal and congruences in SU-algebra 


Definition 3.1. Let X be a SU-algebra. A nonempty subset I of X is called an ideal of 
X if it satisfies the following properties : 

()oeT, 

(2) if (wy)z € I and y € I for all x,y,z © X, then xz € I. 

Clearly, X and {0} are ideals of X. 
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Example 3.2. Let X be a SU-algebra as defined in Example 2.2. If A = {0,1}, then A is 
an ideal of X. If B = {0,1,2}, then B is not an ideal of X because (1 *1)*2=0*2=2¢€B 
but 1x*2=3¢ B. 

Theorem 3.3. Let X be a SU-algebra and I be an ideal of X. Then 

(1) ify el andy € J, then x € I for all x,y € X, 

(2) ifay €lTandw«e€ J, then y € J for all z,ye X. 

Proof. Let X be a SU-algebra and J be an ideal of X. 

(1) Let zy € Tandy € I. Since (xy)0 = xy € Tandy € 1,2 =20€ I (by Definition 3.1). 

(2) It is immediately followed by (1) and Theorem 2.3 (2). 

Theorem 3.4. Let X be a SU-algebra and A; be ideal of X for 7 = 1,2,...,n. Then 


n 


(Ai is an ideal of X. 
i=1 
Proof. Let X be a SU-algebra and A; be ideal of X for i=1,2,...,n. Clearly, 0 € (Ai. 
i=1 


Let x,y,z € X be such that (xy)z € (Ai and y € () Ai. Then (xy)z € A; and y € A; for all 


i=l i=1 
n 


i= 1,2,...,n. Since A; is an ideal, xz € A; for all i = 1,2,...,n. Thus xz € (Ai . Hence 
i=1 
(Ai is a ideal of X. 
i=1 
Definition 3.5. Let X be a SU-algebra. A nonempty subset S of X is called a SU- 


subalgebra of X if zy € S for all z,y ES. 

Theorem 3.6. Let X be a SU-algebra and I be an ideal of X. Then J is a SU-subalgebra 
of X. 

Proof. Let X be a SU-algebra and J be an ideal of X. Let x,y € J. By Theorem 2.3 
(4), ((ay)a)y = 0 € I. Since J is an ideal and x € I, (ay)y € I. Since I is an ideal and 
yer, cyel. 

Definition 3.7. Let X be a SU-algebra and I be an ideal of X. A relation ~ on X is 
defined by x ~ y if and only if xy € J. 

Theorem 3.8. Let X be a SU-algebra and I be an ideal of X. Then ~ is a congruence 
on X. 

Proof. A reflexive property and a symmetric property are obvious. Let x,y,z € X. 
Suppose that x ~ y and y ~ z. Then zy € I and yz € I. Since ((xz)(xy))(zy) = 0 € I and I 
is an ideal, (xz)(yz) = (xz)(zy) € I. By Theorem 3.3 (1), az € I. Thus x ~ z. Hence ~ is an 
equivalent relation. 

Next, let x,y,u,v € X be such that x ~ u and y ~ v. Then zu € J and yu € I. 
Thus ux € I and vy € I. Since ((axy)(xv))(yv) = 0 € I and Theorem 3.3 (1), (ay)(av) € TI. 
Hence zy ~ xv. Since ((uv)(ux))(vr) = 0 € I and Definition 3.1 (2), (uv)(vr) € I. Since 
vax = xv, (uv)(vx) = (uv)(av). Hence (uv)(xv) € I and so xv ~ uv. Thus zy ~ wv. Hence ~ 
is a congruence on X. 

Let X be a SU-algebra, J be an ideal of X and ~ be a congruence relation on X. For 
any x € X, we define [x]; = {y € X|x ~ y} = {y € X|xzy € I}. Then we say that [z]; is an 
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equivalence class containing x. 

Example 3.9. Let X be a SU-algebra as defined in Example 2.2. It is easy to show that 
I = {0,1} is an ideal of X, then [0]; = {0,1}, [1]; = {0,1}, [2]r = {2,3}, [3], = {2,3}. 

Remarks 3.10. Let X be a SU-algebra. Then 

1. x € [a]; for alla e X, 

2. [0]; = {x € X|0 ~ x} is an ideal of X. 

Theorem 3.11. Let X be a SU-algebra, J be an ideal of X and ~ be a congruence relation 
on X. Then [x]; = [y]z if and only if « ~ y for all x,y € X. 

Proof. Let [xz]; = [y]r. Since y € [y]z, y € [a]r. Hence x ~ y. Conversely, let x ~ y. 
Then y ~ x. Let z € [ajy. Then x ~ z. Since y~ uv anda~z, y~ z, z € [y|r. Similarly, let 
w € [y]r. Then w € [a];. Therefore [a]; = [y]r. 

The family {[x]r|a € X} gives a partition of X which is denoted by quotient SU-algebra 
X/I. For x,y € X we define [x]z[y]r = [zy]r. The following theorem show that X/I is a 
SU-algebra. 

Theorem 3.12. Let X be a SU-algebra and J be an ideal of X. Then X/T is a SU-algebra. 

Proof. Let [:]r, [y]r,[z]zr € X/I. 

1) (Cealrlol) Cells) (loll) = Cleul lee lw2lr = (ey) (22) (211 = [Olr. 

2) [a]r[0]z = [w0]z = [a]r. 

3) Suppose that [x]7[y]; = [0]7. Then [xy]; = [0]r = [yz]7. Since zy € [xy]7,0 ~ xy. Hence 
xy € [0]7. Since [0]; is an ideal, 7 ~ y. Hence [a]; = [y]z. Thus X/TI is a SU-algebra. 


§4. Isomorphism of a SU-Algebra 


In this section, we defined homomorphism and isomorphism of SU-algebras, then we show 
some consequences of the relations between quotient SU-algebras and isomorphisms. 

Definition 4.1. Let (X,*x,0x) and (Y,*y,0y) be a SU-algebra and let f: X — Y. We 
called f is a homomorphism if and only if f(ay) = f(x) f(y) for all z,y € X. 

The kernel of f defined to be the set ker(f) = {a € X|f(a) = Oy}. 

The image of f defined to be the set im(f) = { f(x) € Y|x € X}. 

Definition 4.2. Let X and Y be a SU-algebra and let f : X — Y be a homomorphism, 
then: 

(1) f called a monomorphism if f is injective, 

(2) f called an epimorphism if f is surjective, 

(3) f called an isomorphism if f is bijective. 

Definition 4.3. Let X and Y be a SU-algebra, then we say that X isomorphic Y (X = Y) 
if we have f : X — Y which fis an isomorphism. 

Theorem 4.4. Let X be a SU-algebra, I be an ideal of X and ~ be a congruence on X. 
Then f : X — X/TI defined by f(x) = [2]; for all x € X is an epimorphism. 

Proof. Let f : X — X/I and defined f by f(x) = [a]; for alla € X. Let a,y € X 
and « = y, then [a]; = [y|r. Thus f(«) = f(y). Hence f is a function. Let [z]; € X/J, then 
f(x) = [x]r. Hence f is surjective. Since f(xy) = [xy]r = [a]z[y]r = f(x) f(y). Thus f isa 
homomorphism on X. Hence f is an epimorphism on X. 
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Theorem 4.5. Let (X,*x,0x) and (Y,*y,0y) be a SU-algebra and let f: X — Y bea 
homomorphism, then: 

(1) f(Ox) = Oy, 

(2) im(f) is a SU-subalgebra, 

(3) ker(f) = {Ox} if and only if f is a injective, 

(4) ker(f)is an ideal of X. 

Proof. (1) Let x € X, then f(x) € Y. Since 0y f(a) = f(x) = f(Oxx) = f(0x) f(x), then 
by Theorem 2.7 we have 0y = f(0x). 

(2) Let a,b € im(f), then there exists x,y € X such that f(z) = a and f(y) = 6. Thus 
ab = f(x) f(y) = f(xy) € im(f). Hence im(f) is a SU-subalgebra. 

(3) Suppose ker(f) = {Ox}. Let x,y €X and f(x) = f(y), then f(ey) = f(x) fly) = Ov. 
Thus xy € ker(f) =0x. Hence x = y. Therefore f is an injective. Conversely, it is obviously. 

(4) By (1) we have f(0x) = Oy, Thus 0x € ker(f). Let (wy)z € ker(f) and y € ker(f), 
then f((ay)z) = Oy and f(y) = Oy. Since f is a homomorphism, f((xy)z) = f(xy) f(z) = 
(F(a) Fy) F(z). Since f((axy)z) = Oy and f(y) = Oe, Oy = (f(2)0v) Fl) = fla) f(2) = Flea). 
Thus xz € ker(f). Hence ker(f) is an ideal of X. 

Theorem 4.6. Let X and Y be a SU-algebra and let f : X — Y be a homomorphism, 
then X/ker(f) = im(f). In particular, if f is surjective, then X/ker(f) = Y. 

Proof. Consider the mapping g : X/ker(f) — im(f) given by 9([*]ker(f)) = f(x)for all 
rex. 

1) Let x,y € X and [2]ker(p) = [Ylker(f), then  ~ y. Thus xy € ker(f). Hence f(xy) = 0. 
Since f(y) f(x) = f(@)f(w) = f(y) = 0, f(z) = fly). Therefore g([2]eencs)) = f(x) = Fy) 
9(Ylker(f)). Hence g is a function . 


2) Let x,y € X and g([t]ker(f)) = 9([Y]ker(f)), then f(x) = f(y). Thus 0x = f(x) f(y) = 
f(zy). Hence ry € ker(f). Since ker(f) is an ideal, x ~ y. Thus [2]percf) = [Yl kerf). Hence g 


is a injective. 

3) Let f(x) € im(f). Since g([Z]ker(f)) = f(), g is a surjective. 

4) Let x,y € X, then g([2]per(p)Yker(t)) = 9([@Ylker(f)) = fey) = F(2) f(y) = 9([tlker(p)) 
9((Y]ker(f)). Hence g is a homomorphism. Therefore X/ker(f) = im(f). In particular, let f be 
a surjective, then im(f) = Y. Hence X/ker(f) = Y. 

Theorem 4.7. Let H and K be an ideal of SU-algebra X and K C H, then (X/K)/(H/K) 
~X/H. 

Proof. Consider the mapping g: X/K — X/H given by g([z]x) = [a] for all a € X. 


1) Let z,y € X and [2]x = [y]x, then x ~ y. Since K is a ideal , ry € K. Since K C H, 
sy € AH. Thus g([2]x) = [2]” = [yln = 9((ylx). Hence g is a function. 
2) Let [a]q € X/H. Since g([z] x) = [x], g is a surjective. 


3) Let a,y € X, then g([z]«[ylx) = g([zy]x) = [tule = [Ja lula = g([a]x)9([ylx). Hence 
g is a homomorphism. 

4) ker(g) = {la]xlg(e]x) = [O]a} = {le]x|[e]@ = [Ol } = {la]xle ~ 0} = {[z] x la = 20 € 
H} = H/K. By Theorem 4.6 we have (X/K)/(H/K) = X/H. 

Let X be a SU-algebra and A, B be a subset of X defined AB by AB = {xy € X|x € 
A,y € Bh. 
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Theorem 4.8. Let A and B be a subset of SU-algebra X, then AB is a SU-subalgebra of 
Xx. 

Proof. Let a € AB. By definition of AB we have a = zy for some z € A,y € B. 
Since A,B C X,2,y € X. Thus a = zy € X. Hence AB C X. Let m,n € AB such that 
m = a,b1,n = agb2 for some ay, a2 € A,b1,b2 € B, then mn = (a1b1)(agb2) = (ai (agb2))b1 = 
(b2(a2a1))b1 = (b2b1)(a2a1) = (a2a1)(b2b1). Since aga, € A and b2b; € B, mn € AB. Hence 
AB is a SU-subalgebra of X. 

Remark 4.9. Let H and K be an ideal of SU-algebra X, then N is an ideal of HN. 

Theorem 4.10. Let H and N be an ideal of SU-algebra X, then H/(HNN)= HN/N. 

Proof. Consider the mapping g: H — HN/N given by g(x) = [2|n for all « € H. 

1) Let w,y € H and x = y, then [{2|y = [y]w. Thus g(x) = g(y). Hence g is a function. 

2) Let [aly~ € HN/N, then g(x) = [z]n Hence g is a surjective. 

3) Let x,y € H. Since g(xy) = [xy|n = [2] n[y]w = 9(x)g(y). Hence g is a homomorphism 
on X. 

4) Let x € ker(g), then g(x) = [O|n. Since g(x) = [a], [2] = [O]w. Thus x ~ 0. Since N 
is an ideal, c = 20 € N. Since ker(g) CH, x € H. Thusze HNN. Hence ker(g) CHNN. 
Let « € HON, then  € H anda € N. Since g(x) = [a]y = [0]n,a2 € ker(g). Thus 
HON C ker(g). Hence ker(g) = HNN. By Theorem 4.6 we have H/(HNN) = HN/N. 
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81. Introduction 


Norman Levine introduced generalized closed sets, K. Balachandaran and P. Sundaram 
studied generalized continuous functions and generalized homeomorphism. N. Palaniappan 
and K. C. Rao defined regular generalized closed sets. V. K. Sharma studied generalized 
separation axioms. Following V. K. Sharma the author of the present paper define a new 
variety of generalized axioms called rga—separation axioms and study their basic properties 
and interrelation with other type of generalized separation axioms. Throughout the paper 
a space X means a topological space (X,r). For any subset A of X its complement, interior, 


closure, rga—interior, rga—closure are denoted respectively by the symbols A°, A°, A, rga(A)° 


and rga(A). 
Definition 1.1. AC X is called 


i) regularly closed if A = (A)° and regularly open if A = (A)°. 


( 
(ii) semi-closed [resp: v—closed] if 4 an open [resp: regular open] set U 3 U° CACU. 
(iii) g-closed if A C U whenever A C U and U is open. 

(iv) rg-closed if A C U whenever A C U and U is regular-open. 
( 

( 

( 


v) semi-open [resp: v—open] if J an open [resp: regular open] set U 3 U C ACU. 

vi) g-open [resp: rg-open] if its complement is g-closed [resp: rg-closed]. 

vii) rga—closed if a(A) C U whenever A C U and U is regular-a—open in X. 

Note 1. The class of regular open sets, open sets, g-open sets, and rga—open sets are 
denoted by RO(X), 7(X), GO(X) and RGaO(X) respectively. Clearly RO(X) C 7(X) Cc 
GO(X) C RGaO(X). 

Note 2. For any A Cc X,A € RGaO(X, x) means A is a rga-open set [neighborhood] in 
X containing x. 

Definition 1.2. A Cc X is called clopen [resp: nearly-clopen; v—clopen; semi-clopen; 
g-clopen; rga—clopen] if it is both open [resp: regular-open; v—open; semi-open; g-open; 
rga—open] and closed [resp: regular-closed; v—closed; semi-closed; g-closed; rga—closed]. 
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Definition 1.3. A function f: X— Y is said to be 

(i) Continuous [resp: nearly continuous, semi-continuous] if inverse image of open set is 
open|resp: regular-open, semi-open]. 

(ii) g-continuous [resp: rga—continuous] if inverse image of closed set is g-closed [resp: 
rga—closed]. 

(iii) irresolute [resp: nearly irresolute] if inverse image of semi-open [resp: regular-open] 
set is semi-open|resp: regular-open]. 

(iv) g-irresolute [resp: rga—irresolute] if inverse image of g-closed [resp: rga—closed] set 
is g-closed[resp: rga—closed]. 

(v) open [resp: nearly open, semi-open, g-open, rga—open] if the image of open set is open 
[resp: regular-open, semi-open, g-open, rga—open]. 

(vi) homeomorphism [resp: nearly homeomorphism, semi-homeomorphism, g-homeomor- 
phism, rga—homeomorphism] if f is bijective continuous [resp: nearly-continuous, semi-contin- 
uous, g-continuous, rga—continuous] and f~* is continuous (resp: nearly-continuous, semi-cont- 
inuous, g-continuous, rga—continuous]. 

(vii) re-homeomorphism [resp: sc-homeomorphism, gc-homeomorphism, RGaC-homeomo- 
rphism] if f is bijective r-irresolute |resp: irresolute, g-irresolute, rga—irresolute] and f~ 1 ig r- 
irresolute [resp: irresolute, g-irresolute, rga—irresolute]. 

Definition 1.4. X is said to be 

(i) compact [resp: nearly compact, semi-compact, g-compact, rga—compact] if every open 
[resp: regular-open, semi-open, g-open, rga—open] cover has a finite subcover. 

(ii) To [resp: r—Tp, 5— To, go] space if for each x 4 y € XIU € 7(X) [resp: RO(X); SO(X); 
GO(X)] containing either x or y. 

(iii) T, [resp: r — T,,s — T1, 91] space if for each « 4 y € XAU,V € 7(X) [resp: RO(X); 
SO(X); GO(X)] such that 2 €e U-—V andye V—-U. 

(iv) Tp [resp: r — To, 5 — To, g2] space if for each « A y © XAU,V € 7(X) [resp: RO(X); 
SO(X); GO(X)] such that  € U; ye Vand UNV = @. 


(v) Ti [resp: r— Ti,s—Tr ] if every generalized [resp: regular generalzed, semi-generalized] 


closed set is closed[resp: regular-closed, semi-closed]. 

(vi) Co [resp: rCo, sCo, gCo] space if for each x 4 y € XIU € 7(X)[resp: RO(X); SO(X); 
GO(X)] whose closure contains either x or y. 

(vii) Cy [resp: rC1,sCy,gCi] space if for each  # y € XAU,V € 7(X)[resp: RO(X); 
SO(X); GO(X)] such that a € (U) and y € (V). 

(viii) Co [resp: rC2,sC2,gC2] space if for each « #4 y € XIU,V € 7(X)|[resp: RO(X); 
SO(X); GO(X)] such that 2 € (U); y € (V) and UNV = ¢. 

(ix) Do [resp: rDo, sDo, gDo] space if for each « 4 y € XIU € D(X)[resp: RD(X); SD(X); 
GD(X)] containing either x or y. 

(x) D, [resp: rD1,sD1, gD] space if for each « 4 y € XIU,V © Dr(X)[resp: RD(X); 
SD(X); GD(X)] 3ae¢U-V andyeEV—-U. 

(xi) D2 [resp: rD2,sD2,gDz2\space if for each « 4 y © XAU,V © Dr(X)[resp: RD(X); 
SD(X); GD(X)] 3a eU-V;yEeV—-U andUNV=¢. 

(xii) Ro [resp: rRo,sRo,gRolspace if for each « € XIU € 7(X) [resp: RO(X); SO(X); 
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GO(X)]3 {x} C Ulresp: r{x} C U;s{x} C U;g{a} C U] whenever x € U € 7(X)[resp: 
xe€Ue RO(X);4 €U € SO(X);4 € U € GO(X)}. 

(xiii) R, [resp: rR,,sR,,gR|space for z,y €¢ X > {x}  {y} [resp:3 rf{x} 4 r{y};3 
s{x} 4 s{y}; 5 g{z} F g{y};[resp: RO(X); SO(X); GO(X)], J disjoint U;V € r(X) 3 {a} CU 
(resp: RO(X) > r{a} C U;SO(X) > s{x} C U;GO(X) > g{ax} C U] and {y} C V{resp: 
r{y} CV; s{y} CV; 9fy} C VI. 

Theorem 1.1. (i) If x is a rga—limit point of any A C X, then every rga—neighborhood 


of x contains infinitely many distinct points. 

(ii) Let A CYCX and Y is regularly open subspace of X then A is rga—open in X iff A 
is rga—open in Ty. 

Theorem 1.2. If f is rga—continuous [resp: rga—irresolute{rga—homeomorphism}] and 


G is open [resp: rga—open] set in Y, then f-'(G) is rga—open [resp: rga—open] in X. 


§2. rga—continuity and product spaces 


Theorem 2.1. If f is nearly continuous then f is rga—continuous. Converse is true if X 

isr—T. 
3 

Theorem 2.2. If f: X — Y is rga—continuous, g: Y — Z is rga—continuous and Y is 
r— T1, then go fis rga—continuous. 

Theorem 2.3. Let Y and {X, : a € I} be Topological Spaces. Let f: Y - IXq bea 
function. If f is rga—continuous, then 7,0 f: Y — Xq is rga—continuous. 

Proof. Suppose f is rga—continuous. Since 7, : 1Xg — Xz, is continuous for each a € I, 
it follows that 7, 0 fis rga—continuous. 


Converse of the above theorem is not true in general as shown by the following example: 


Example 2.1. Let X = {p,q,7,s}; 7x = {¢, {p}, ta}, {sh tp. Gh tp sh {a sh tp Gr} tP@ 
8}, X},Vi = Yo = {a,b}; ty, = (4, {a}, Yahi tye = {¢, {a}, Yoh ¥ = V1 xYo;= {(a,a), (a, 6), (6,4), 
(b,)} and ry = {¢, {(a,a)}, {(a, a), (a, b)}, {(a, a), (6, a)}, {(a, a), (a,b), (0, a), M1 x Yo}. 

(i) Define f: X — Y by f(p) = (a,a), f(g) = (6,5), f(r) = (a,b), f(s) = (b, a). Then 7 of 
m2 0 fand f is rga—continuous. 

(ii) Define f: X — Y by f(p) = (a, a), f(g) = (a,b), f(r) = (0, d), f(s) = (b, a). It is easy to see 
that 7, 0f and m20f are rga—continuous. However {(b, b)} is closed in Y but f-'({(b, b)}) = {q} 
is not rga—closed in X. Therefore f is not rga—continuous. 

Theorem 2.4. If Y is rls and {Xq : a € I} be Topological Spaces. Let f: Y — ILXq be 
a function, then f is rga—continuous iff tg of: Y — Xq is rga—continuous. 

Corollary 2.5. Let f, : Xq — Yq be a function and let f: ILXq — IYq be defined by 
f(ta)aer) = (f,(@a))aer- If f is rga—continuous then each f, is rga—continuous. 

Corollary 2.6. For each a, let Xq be rly and let f, : Xa — Yq be a function and let 
f: TLX. — IY, be defined by f((ta)aer) = (f,(@a))aer, then f is rga—continuous iff each f, 


is rga—continuous. 
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83. rga; Spaces i= 0, 1, 2 


Definition 3.1. X is said to be 

(i) a rgao space if for each pair of distinct points x, y of X, there exists a rga—open set 
G containing either x or y. 

(ii) a rgay space if for each pair of distinct points x, y of X there exists a rga—open set 
G containing x but not y and a rga—open set H containing y but not «. 

(iii) a rgag space if for each pair of distinct points x, y of X there exists disjoint rga—open 
sets G and H such that G containing x but not y and H containing y but not 2. 

Note 2. (i) rT; > T; > g: > rga;, 1 = 0,1,2, but the converse is not true in general. 

(ii) X is rgag > X is rga, > X is rgao. 

Example 3.1. Let X = {a,b,c} and 

(i) tT = {¢, {a, c}, X} then X is rga; for i = 0,1,2. 

(ii) T = {¢, {a}, {a, c}, X} then X is not rga; for 7 = 0,1, 2. 

Example 3.2. (i) Let X = {a,b,c,d} and r = {¢, {a}, {a, b}, {c, d}, fa, c, d}, X} then 
X is rga; but not g;, r-To and Jo, for i = 0,1, 2. 

Theorem 3.1. We have the following properties: 

(i) Every [resp: regular open] open subspace of rga; space is rga; for i = 0,1, 2. 

(ii) The product of rga; spaces is again rga; for i = 0,1, 2. 

(iii) X is rgao iff Va € X,4IU € RGaO(X) containing x 5 the subspace U is rgap. 

(iv) X is rgap iff distinct points of X have disjoint rga—closures. 


Theorem 3.2. The following are equivalent: 
(i) X is rgay. 


(ii) Each one point set is rga—closed. 

(iii) Each subset of X is the intersection of all rga—open sets containing it. 

(iv) For any « € X, the intersection of all rga—open sets containing the point is the set 
{x}. 

Theorem 3.3. (i) If X is rga, then distinct points of X have disjoint rga—closures. 

(ii) If a is a rga—limit point of a subset A of a rga; space X. Then every neighborhood 
of x contains infinitely many distinct points of A. 

(iii) X is rgag iff the intersection of all rga—closed, rga—neighborhoods of each point of 
the space is reduced to that point. 

(iv) If to each point « € X, there exist a rga—closed, rga—open subset of X containing « 
which is also a rgag subspace of X, then X is rgag. 

(v) In rgag-space, rga—limits of sequences, if exists, are unique. 

Theorem 3.4. If X is rgaz then the diagonal A in X x X is rga—closed. 

Proof. Suppose (x,y) € X x X —A. As (x,y) ¢ A and x # y. Since X is rgag, JU,V € 
RGaO(X) 3a €U,yEeEeVandUNV=¢.UNV=¢> (Ux V)NA = ¢ and therefore 
(Ux V)c X x X —A. Farther (x,y) € (U x V) and (U x V) is rga—open in X x X gives 
X x X — A is rga—open. Hence A is rga—closed. 


Theorem 3.5. In a rga2 space, a point and disjoint rga—compact subspace can be 
separated by disjoint rga—open sets. 
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Proof. Let X be a rga2 space, x € X and C a rga—compact subspace of X not containing 
x. Let y € C then for « # y in X, there exist disjoint rga—open neighborhoods G, and Hy. 
Allowing this for each y in C, we obtain a class {H,} whose union covers C; and since C' is 
rga—compact, some finite subclass {H;,i = 1 to n} covers C. If G; is rga—neighborhood of « 
corresponding to H;, we put G = u G; and H = A H,, satisfying the required properties. 

Theorem 3.6. (i) Every rga—compact subspace of a rgaz space is rga—closed. 

(ii) Every compact [resp: nearly-compact; g-compact] subspace of a T> [resp: rT; gz] space 
is rga—closed. 

Theorem 3.7. (i) If fis injective, rga—irresolute and Y is rga; then X is rga;, i = 0,1, 2. 

(ii) If f is injective, rga—continuous and Y is T; then X is rga;, i = 0,1, 2. 

(iii) The property of being a space is rgap is a rga—topological property. 

(iv) Let fis a RGaC-homeomorphism, then X is rga; if Y is rga;, i = 0,1, 2. 

Theorem 3.8. We have the following 

(i) Let X be T; and f be rga—closed surjection. Then X is rgay. 

(ii) Every rga—irresolute map from a rga—compact space into a rgaz space is rga—closed. 

(iii) Any rga—irresolute bijection from a rga—compact space onto a rgaz space is a RGaC- 
homeomorphism. 

(iv) Any rga—continuous bijection from a rga—compact space onto a rgag space is a 
rga—homeomorphism. 

Theorem 3.9. The following are equivalent: 

(i) X is rgag. 


(ii) For each pair « 4 y € X, Ja rga—open, rga—closed set V 3 a € V and y ¢ V, and 
(iii) For each pair « 4 y € X, Jf: X — [0,1] such that f(x) = 0 and f(C) = 1 and f is 
rga—continuous. 


Theorem 3.10. If f: X— Y is rga—irresolute and Y is rgaz then 

(i) the set A = {(1, 22) : f(ai) = f(x2)} is rga—closed in X x X. 

(ii) G(f), Graph of f, is rga—closed in X x Y. 

Proof. (i) Let A = {(#1, v2) : f(wi) = flwe)}. If (a1, v2) © X x X—A, then f(x1) ¥ fle) > 
4 disjoint V; and Vo € RGaO(Y) 3 f(r1) € V; and f(x2) € Vo, then by rga—irresoluteness of 
f, f (Vi) € RGaO(X,2;) for each j. Thus (21,22) € f- (Vi) x f-*(Ve) € RGaO(X x X). 
Therefore f-'(Vi) x f-'(V2) C X x X -A=> X x X — Ais rga—open. Hence A is rga—closed. 

(ii) Let (2, y) ¢ G(f) > y 4 f(x) => J disjoint rga—open sets V and W 3 f(x) € V and 
ye W. Since f is rga—irresolute, JU € RGaO(X) 3 x € U and fU) C W. Therefore we 
obtain (7, y) €UxV Cc X x Y—Gi(f). Hence X x Y — G(f) is rga—open. Hence G(f) is 
rga—closed in X x Y. 

Theorem 3.11. If f: X — Y is rga—open and the set A = {(x1, 22) : f(x) = f(xa)} is 
closed in X x X. Then Y is rgag. 


Theorem 3.12. Let X be an arbitrary space, R an equivalence relation in X and p: X — 


X/R the identification map. If R Cc X x X is rga—closed in X x X and p is rga—open map, 
then X/R is rgag. 

Proof. Let p(x), p(y) be distinct members of X/R. Since x and y are not related, 
Rc XxX is rga—closed in X x X. There are rga—open sets U and V such that x € U,y € V 
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and UxV Cc R°. Thus p(U), p(V) are disjoint and also rga—open in X/R since p is rga—open. 
Theorem 3.13. The following four properties are equivalent: 


(i) X is rgag. 
(ii) Let 2 € X. For each y 2, JU € RGaO(X) 3 x €U and y ¢ rga(U). 


(iii) For each « € X,M{rga(U)/U € RGaO(X) and « € U} = {a}. 
(iv) The diagonal A = {(x,x)/x € X} is rga—closed in X x X. 
Proof. (i) => (ii): Let « € X and y # x. Then there are disjoint rga—open sets U and 


V such that « € U and y € V. Clearly V“ is rga—closed, rga(U) C V°,y ¢ V“ and therefore 


y €rga(U). 

(ii) > (iii): If y # x, then JU € RGaO(X) 3 x € U and y ¢ rga(U). Soy ¢ 
A{rga(U)/U € RGaO(X) and « € U}. 

(iii) > (iv): We prove A° is rga—open. Let (x,y) ¢ A. Then y 4 # and N{rga(U)/U € 


RGaO(X) and « € U} = {x} there is some U € RGaO(X) with « € U and y ¢ rga(U). Since 
Un (rga(U))* = 6, U x (rga(U))* is a rga—open set such that (x,y) € U x (rga(U))*° Cc AS. 

(iv) > (i): y # a, then (x,y) ¢ A and thus there exist rga—open sets U and V such 
that (x,y) €U x V and (U x V) NM A= @. Clearly, for the rga—open sets U and V we have: 


xeu,yEeVandUNV=¢. 


84. rga — R; spaces; i = 0,1 


Definition 4.1. Let « € X. Then 

(i) rga—kernel of x is defined and denoted by Keryga{z} = N{U : U € RGaO(X) and 
x €U}. 

(ii) KerpggF =N{U :U € RGaO(X) and Fc U}. 

Lemma 4.1. Let A Cc X, then Kerpga{A} = {2 € X : rgafa}n AF o}. 

Lemma 4.2. Let x € X. Then y € Keryga{z} iff x € rgafy}. 

Proof. Suppose that y ¢ Ker;ga{x}. Then IV € RGaO(X) containing « 5 y ¢ V. 
Therefore we have x ¢ rgafy}. The proof of converse part can be done similarly. 


Lemma 4.3. For any points x £ y € X, the following are equivalent: 

(1) Kerrga{t} # Kerrga{y}; 

(2) rgata} # rgaly}. 

Proof. (1)= (2): Let Kerpga{x} A Kerrgaty}, then dz € X 3 z € Kerrga{x} and 
z ¢ Kerrgafy}. From z € Keryga{x} it follows that x Nrga{z} 4 ¢ > x € rga{z}. By 
z ¢ Kerrga{y}, we have {y} Mrga{z} = ¢. Since x € rgafz},rgafa} C rga{z} and {y}n 
rga{x} = ¢. Therefore rga{x} 4 rga{y}. Now Kerpga{t} 4 Kerrga{y} = rgaf{z} A rgafy}. 

(2)>(1): If rga{x} A rgaf{y}. Then dz € X 3 z € rga{x} and z ¢ rga{y}. Then 3 
a rga—open set containing z and therefore containing x but not y, namely, y ¢ Ker;ga{z}. 
Hence Kerrga{t} # Kerrgaty}- 

Definition 4.2. X is said to be 

(i) rga — Ro iff rga{x} C G whenever « € G € RGaO(X). 

(ii) weakly rga — Ro iff Nrga{x} = ¢. 
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(iii) rga — R, iff for x,y € X d rgaf{x} ¢ rgafy}J disjoint U; V € RGaO(X) > rga{x} C 
U and rgafy} CV. 

Example 4.1. Let X = {a,b,c,d} and r = {¢, {b}, {a, b}, {b, c}, {a,b,c}, X}, then X is 
weakly rgaRp and rgaR;, i = 0,1. 

Remark 4.1. (i) r— R; > R; > gR; > rgaR;, i= 0,1. 

(ii) Every weakly-Rp space is weakly rgaRo. 

Lemma 4.4. Every rgaRo space is weakly rgaRo. 

Converse of the above theorem is not true in general by the following examples. 

Example 4.2. Let X = {a,b,c} and 7 = {¢, {a}, {b}, {a,b}, X}. Clearly, X is weakly 
rgaRo, since Nrga{x} = ¢. But it is not rgaRo, for {a} C X is rga—open and rgafa} = 
{a, 5} ¢ {a}. 

Theorem 4.1. Every rga—regular space X is rT) and rga — Ro. 

Proof. Let X be rga—regular and let x 4 y © X. By Lemma 4.1, {x} is either r—open 
or r—closed. If {x} is r—open, {x} is rga—open and hence r—clopen. Thus {x} and X — {a} 
are separating r—open sets. Similar argument, for {x} is rga—closed gives {x} and X — {x} 
are separating r—closed sets. Thus X is rT3 and rga — Ro. 

Theorem 4.2. X is rga — Ro iff given « 4 y € X;rga{x} ¢ rga{y}. 

Proof. Let X be rga— Ro and let let x 4 y € X. Suppose U is a rga—open set containing 
x but not y, then y € rgafy} C X —U and so x ¢ rgafy}. Hence rga{x} 4 rgafy}. 

Conversely, let x 4 y € X 3 rga{x} ¥ rgafy} > rga{x} C X — rgafy} = U(say) a 
rga—open set in X. This is true for every rga{x}. Thus Mrga{x} C U where x € rga{x} C 
U € RGaO(X), which in turn implies Nrga{x} C U where x € U € RGaO(X). Hence X is 
rgaRo. 

Theorem 4.3. X is weakly rgaRo iff Ker;ga{z} # X for any « © X. 

Proof. Let 7p € X 3 kerrga {xo} = X. This means that zo is not contained in any proper 
rga—open subset of X. Thus xp belongs to the rga—closure of every singleton set. Hence 
ro € Nrga{x}, a contradiction. 

Conversely assume Kerrga{x} # X for any xe X. If there is an zp € X 3 xo € Mrgofa}}, 
then every rga—open set containing zg must contain every point of X. Therefore, the unique 
rga—open set containing xp is X. Hence Ker;ga{%o} = X, which is a contradiction. Thus X 
is weakly rga — Ro. 

Theorem 4.4. The following statements are equivalent: 

i) X is rga — Ro space. 

ii) For each xe X,rga{x} C Kerpga{a}. 

iii) For any rga—closed set F' and a point x¢ F,JU © RGaO(X) a a¢U and F CU. 
iv) Each rga—closed set F' can be expressed as F = M{G: G is rga—open and FC G}. 


v) Each rga—open set G can be expressed as G = U{A: A is rga—closed and AC G}. 
vi) For each rga—closed set F, x¢ F implies rg{z}~— NF = ¢. 

Proof. (i)=(ii): For any x € X, we have Kerpga{z} =N{U : U € RGO(X) and «Ee U}. 
Since X is rga — Ro, each rga—open set containing x contains rga{z}. Hence rga{x} Ec 
Ketrga{x}. 


Seth Gai ee, ee ee ee 
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(ii) (iii): Let « ¢ F € RGaC(X). Then for any y € F, rgafy} C Fandso x ¢ rgafy} > 
y ¢ rga{z} that is JU, € RGaO(X) > y € Uy and « ¢ Uy, Vy € F. Let U = UfUy : Uy is; 
rga—open, y€ Uy and « ¢ U,}. Then U is rga—open such that « ¢ U and FC U. 

(iii) (iv): Let F be any rga—closed set and N = N{G: G is rga—open and F Cc G}. 
Then F c N — (1). Let x ¢ F, then by (iii) IG € RGaO(X) 5 « ¢ G and F'C G, hence 
x € N which implies e € N > x € F. Hence N C F' —> (2). 

Therefore from (1)&(2), each rga—closed set F =N{G: G is rga—open and F' Cc G}. 

(iv)=>(v): obvious. 

(v)=(vi): Let « ¢ F € RGaC(X). Then X — F = G is a rrga—open set containing x. Then 
by (v), G can be expressed as the union of rga—closed sets A contained in G, and so there is 
an M € RGaC(X) 3 « € M CG; and hence rga{x} C G which implies rga{a}N F = ¢. 

(vi)>(i): Let c € Ge RGaO(X). Then x € (X—G), which is a rga—closed set. Therefore 
by (vi) rga{x} M (X — G) = 4, which implies that rga{x} C G. Thus X is rgaRo space. 

Theorem 4.5. Let f be a rga—closed one-one function. If X is weakly rga — Ro, then so 
is Y. 

Theorem 4.6. If X is weakly rga— Ro, then for every space Y, X x Y is weakly rga— Ro. 

Proof. Mrgaf{(x,y)} C N{rga{x} x rgafy}} = N[rga{x}] x [rgafy}] C dx Y = ¢. Hence 
XxX Y isrgaRg. 

Corollary 4.1. (i) If X and Y are weakly rgaRo, then X x Y is weakly rgaRo. 

(ii) If X and Y are (weakly-) Ro, then X x Y is weakly rgaRo. 

(iii) If Xand Y are rgaRo, then X x Y is weakly rgaRo. 

(iv) If X is rgaRp and Y are weakly Ro, then X x Y is weakly rgaRo. 

Theorem 4.7. X is rgaRo iff for any x,y € X,rga{x} 4 rgafy} > rga{x}nrga{y} = ¢. 

Proof. Let X is rgaRo and x,y € X > rga{x} 4 rgafy} . Then, dz € rgafx} > z ¢ 
rgafy}(orz € rgafy}) 3 z ¢ rgafax}. There exists V € RGaO(X) 3 y ¢ V and z € V; hence 
x €V. Therefore, x ¢ rgaf{y}. Thus x € [G¥]° € RGaO(X), which implies rgaf{az} C [rgaf{y}]° 
and rga{x} Mrga{y} = ¢. the proof for otherwise is similar. 

Sufficiency: Let  € V € RGaO(X). We show that rgaf{a} CV. Let y ¢ V, ie, y € [V]°. 
Then « # y and « ¢ rgafy}. Hence rgaf{x} 4 rga{y}. By assumption, rga{x} Nrgafy} = ¢. 
Hence y ¢ rga{x}. Therefore rga{x} C V. 

Theorem 4.8. X is rgaRo iff for any points z,y € X,Kerrga{t} # Kerrgaty} => 
Kerrga{t}n Kerrga{y} = ¢. 

Proof. Suppose X is rgaRo. Thus by Lemma 4.3, for any z,y € X if Kerpga{z} # 
Kerrgo{y} then rga{x} # rgafy}. Assume that z € Kerpga{z} ON Kerrgafy}. By z € 
Kerrgo{x} and Lemma 4.2, it follows that x € rga{z}. Since x € rga{z},rgafr} = rgafz}. 


Similarly, we have rgafy} = rgafz} — rga{x}. This is a contradiction. Therefore, we have 
Ketrga{t}N Kerrga{y} = ¢. 

Conversely, let 2, y € X,3 rga{x} ¢ rga{y}, then by Lemma 4.3, Kerrga{x} F Kerrga{y}. 
Hence by hypothesis Ker;ga{x}NKerrga{y} = ¢, which implies rgafx}nrgafy} = ¢. Because 
z €rgafa} implies that « € Kerpga{z} and therefore Kerpga{r}O Kerrga{z} # b. Therefore 
by Theorem 4.7 X is a rgaRo space. 


Theorem 4.9. The following properties are equivalent: 
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(1) X is a rga— Ro space. 

(2) For any A # gd and Ge RGaO(X) 3 ANG FS o4F € RGaC(X) 3 ANF F¥ ¢ and 
FCG. 

Proof. (1)=(2): Let A # ¢ and G € RGaO(X) 3 ANG F ¢. There exists x € ANG. 
Since « € G € RGaO(X), rgaf{x} C G. Set F = rga{x}, then F € RGaC(X), F Cc G and 
ANF#¢. 

(2)(1): Let G € RGaO(X) and x € G. By (2) rgaf{x} C G. Hence X is rga — Ro. 

Theorem 4.10. The following properties are equivalent: 


(1) X is a rga — Ro space; 

(2) « Erga{y} iff y € rgaf{x}, for any points x and y in X. 

Proof. (1)=(2): Assume X is rgaRo. Let « € rga{y} and D be any rga—open set 
such that y € D. Now by hypothesis, « € D. Therefore, every rga—open set which contain y 
contains x. Hence y € rga{x}. 

(2)>(1): Let U be a rga—open set and x € U. If y ¢ U, then a ¢ rgafy} and hence 
y ¢rga{x}. This implies that rga{x} C U. Hence X is rgaRy. 

Theorem 4.11. The following properties are equivalent: 

(1) X is a rgaRo space; 

(2) If F is rga—closed, then F = Keryga(F); 

(3) If F is rga—closed and x € F, then Kerypga{x} C F; 

(4) If x € X, then Ker;ga{x} C rgaf{a}. 

Proof. (1)=(2): Let « ¢ F € RGaC(X) => (X — F) € RGaO(X) and contains x. 
For X is rgaRo,rga({x}) C (X — F). Thus rga({z}) NF = ¢ and « ¢ Keryga(F'). Hence 
Kefraal( fF) =F. 

(2)=(8): AC B=> Ketyga(A) C Kerrga(B). Therefore, by (2), Kerrga{t} C Kerpga(F) = 
F, 

(3)=(4): Since x € rgafa} and rga{x} is rga—closed, by (3), Kerrga{x} C rga{a}. 

(4)>(1): Let a € rgafy}. Then by Lemma 4.2, y € Kerrgo{x}. Since x € rga{x} and 
rga{x} is rga—closed, by (4), we obtain y € Keryga{x} C rgafa}. Therefore x € rgaf{y} 


implies y € rga{z}. 

The converse is obvious and X is rgaRo. 

Corollary 4.2. The following properties are equivalent: 

(1) X is rgaRo. 

(2) rga{x} = Kerpga{a}Va € X. 

Proof. Straight forward from Theorem 4.4 and 4.11. 

Recall that a filterbase F’ is called rga—convergent to a point x in X, if for any rga—open 
set U of X containing x, there exists B € F' such that BC U. 

Lemma 4.5. Let x and y be any two points in X such that every net in X rga—converging 
to y rga—converges to x. Then x € rgaf{y}. 

Theorem 4.12. The following statements are equivalent: 

(1) X is a rgaRg space; 

(2) If x,y € X, then y € rga{x} iff every net in X rga—converging to y rga—converges 
to x. 
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Proof. (1)>(2): Let a,y € X 3 y € rga{x}. Suppose that {ra}aca is a net in X 5 
{ta}acarga—converges to y. Since y € rga{x}, by Theorem 4.7, we have rga{x} = rgafy}. 
Therefore « € rga{y}. This means that {a.},c,rga—converges to x. 

Conversely, let x, y € X such that every net in X rga—converging to y rga—converges to 
x. Then x € rg{y}~ by Theorem 4.4. By Theorem 4.7, we have rga{x} = rga{y}. Therefore 
YE rga{x}. 

(2)3(1): Let z,y € X 3 rga{x}Nrgofy} # d. Let z € rga{x} Nrga{y}. So J a net 
{rohaea in rga{x} > {ra}acearga—converges to z. Since z € rgafy}, then {r,}acqrga—conve 


-rges to y. It follows that y € rga{x}. Similarly we obtain x € rga{y}. Therefore rga{x} = 
rgafy}. Hence, X is rgaRo. 

Theorem 4.13. (i) Every subspace of rgaR, space is again rgaR. 

(ii) Product of any two rgaR, spaces is again rgaR. 

Theorem 4.14. X is rgaR, iff given « 4 y € X,rgafr} 4 rgafy}. 

Theorem 4.15. Every rgaz space is rgaR}. 

The converse is not true. However, we have the following result. 

Theorem 4.16. Every rgai, rgah, space is rgag. 

Proof. Let « 4 y € X. Since X is rga,, {x} and {y} are rga—closed sets 3 rga{x} 4 
rgaf{y}. Since X is rgaR,, J disjoint U;V € RGaO(X) > 2 €U, y€V. Hence X is rgag. 

Corollary 4.3. X is rgaz iff it is rgaR, and rgay. 


Theorem 4.17. The following are equivalent 

(i) X is rga — Ry. 

(ii) Arga{x} = {2}. 

(iii) For any x € X, intersection of all rga—neighborhoods of x is {x}. 

Proof. (i)>(ii): Let y#Aa EX sy €rga{zx}. Since X is rgaR,, JU € RGaO(X) > ye 
U,a ¢ U or x€U, y ¢ U. In either case y ¢ rga{x}. Hence Nrga{x} = {x}. 

(ii) (iii): If y A a € X, then x¢ Nrgafy}, so there is a rga—open set containing x but 


not y. Therefore y does not belong to the intersection of all rga—neighborhoods of x. Hence 
intersection of all rga—neighborhoods of x is {x}. 

(iii) (i): Let « #4 y € X. By hypothesis, y does not belong to the intersection of all 
rga—neighborhoods of x and x does not belong to the intersection of all rga—neighborhoods 
of y, which implies rga{x} 4 rgafy}. Hence X is rga — Rj. 

Theorem 4.18. The following are equivalent: 

(i) X is rga — Ry. 

(ii) For each pair x,y € X > rgaf{x} 4 rgafy}, J a rga—open, rga—closed set V 3 2 € V 
and y ¢ V, and 

(iii) For each pair 2,y € X 3 rga{x} 4 rgaf{y}, df: X — [0,1] 3 fz) = 0 and f(C) = 1 
and f is rga—continuous. 

Proof. (i)>(ii): Let z,y € X 3 rgaf{x} ¥ rga{y},4 disjoint U;W € RGaO(X) 9 
rgaf{x} CU and rgafy} C Wand V = rga(U) is rga—open and rga—closed such that + € V 
and y ¢ V. 

(ii)>(iii): Let 2,y € X such that rga{x} 4 rga{y}, and let V be rga—open and 
rga—closed such that « € V and y ¢ V. Then f: X — [0,1] defined by f(z) = 0 if z Ee V 
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and f(z) = 1 if z ¢ V satisfied the desired properties. 

(iii) >(i): Let x,y € X such that rga{x} 4 rgaf{y}, let f: X — [0,1] be rga—continuous, 
f(z) = 0 and f(y) = 1. Then U = f-1((0, $)) and V = £74) are disjoint rga—open and 
rga—closed sets in X, such that rga{x} C U and rgaf{y} C V. 

Theorem 4.19: (i) If X is rga— Ri, then X is rga — Ro. 

(ii) X is rga— R, iff for z,y € X, Kerrga{t} F Kerrgaty}, 4 disjoint U;V €¢ RGaO(X) 5 
rga{x} CU and rgafy} Gy. 


85. rga — C; and rga — D; spaces, i = 0,1,2 


Definition 5.1. X is said to bea 

(i) rga — Co space if for each pair of distinct points x, y of X there exists an rga—open 
set G whose closure contains either x or y. 

(ii) rga — C; space if for each pair of distinct points x,y of X there exists rga—open sets 
G and H such that G containing x but not y and H containing y but not z. 

(iii) rga—Cy space if for each pair of distinct points x, y of X there exists disjoint rga—open 
sets G and H such that G containing x but not y and H containing y but not 2. 

Note. rga— Cy => rga— CC; => rga — Co but converse need not be true in general as 
shown by the following example. 

Example 5.1. Let X = {a,b,c,d} and rt = {¢, {a}, {a, b}, {c, d}, {a,c,d}, X}, then X is 
rga—C;,i=1,2. 

Theorem 5.1. The following statements are true: 
(i) Every subspace of rga — C; space is rga — Cj. 
(ii) Every rga; spaces is rga — Cj. 
(iii) Product of rga — C; spaces are rga — C;. 
(iv) If f: X — Y is rga—continuous and Y is C; then X is rga — Cj. 
(v) If f: X — Y is rga—irresolute and Y is rga — C; then X is rga — Cj. 
(vi) Let (X,7) be any rga—C; space and A C X then A is rga—C; iff (A, 7/4) is rga—Cj. 
(vii) If X is rga — C then each singleton set is rga—closed. 
(viii) In an rga — C; space disjoint points of X has disjoint rga— closures. 

Definition 5.2. AC X is called a rgaDifference (Shortly rgaD-set) set if there are two 
U, V € RGaO(X,7T) such that U 4 X and A=U-YV. 

Clearly every rga—open set U different from X is a rgaD-set if A= U and V = @. 

Definition 5.3. X is said to bea 

(i) rga — Do if for any pair of distinct points x and y of X there exist a rgaD-set in X 
containing x but not y or a rgaD-set in X containing y but not x. 

(ii) rga — Dy, if for any pair of distinct points x and y in X there exist a rgaD-set of X 
containing x but not y and a rgaD-set in X containing y but not x. 

(iii) rga — Dg if for any pair of distinct points x and y of X there exists disjoint rgaD-sets 
G and H in X containing x and y, respectively. 

Example 5.2. Let X = {a,b,c,d} and rt = {¢, {a}, {a, b}, {c, d}, {a,c,d}, X}, then X is 
rga—D;,71=0,1,2. 
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Remark 5.2. (i) If X is r—T;, then it is rga;, 1 = 0,1,2 and converse is false. 

(ii) If X is rga;, then it is rga;_1, 1 = 1,2. 

(iii) If X is rga;, then it is rga — D;, i = 0,1, 2. 

(iv) If X is rga — Dj, then it is rga — Dj_-1, 1 = 1,2. 

Theorem 5.2. The following statements are true: 

(i) X is rga — Do iff it is rgao. 

(ii) X is rga — Dy iff it is rga — Do. 

Proof. (i) The sufficiency is stated in Remark 5.1 (iii). 

To prove necessity, let X be rga — Do. Then for each distinct pair of points x, y € X, at 
least one of x, y, say x, belongs to a rgaD-set G but y ¢ G. Let G = U, — U2 where U, 4 X 
and U;,U2 € RGaO(X). Then x € U, and for y € G we have two cases: 

(a) y € U1; (b) ye VU and y € U2. 

In case (a), « € Uy but y ¢g Ui; 

In case (b), y € Ug but x ¢ Ug. Hence X is rgao. 

(ii) Sufficiency. Remark 5.1 (iv). 

Necessity. Suppose X is rga — D,. Then for each x 4 y € X, we have rgaD-sets 
G1,G2g2 rE Giy ¢ Gisy € Go,x ¢ Go. Let Gy = U, — U2, Gp = U3 — Uy. From x ¢ Go, it 
follows that either « ¢ U3 or x € U3 and x € U4. We discuss the two cases separately. 

(1) « € U3. By y ¢ G, we have two subcases: 

(a) y g U,. From a € U, — Up, it follows that x € U; — (U2 UUs) and by y € U3 — U4, we 
have y € Us — (U; UU4). Therefore (U, — (Uz U U3)) N (U3 — (U1, UU4) = ¢. 

(b) y € U; and y € Ug. We have x € U; — U2, y € U2.(U1 — U2) N U2 = 6. 

(2) a € U3 and & € U4. We have y € U3 — U4, 4 € U4.(U3 — Us) N U4 = 6. 

Therefore X is rga — Dg. 

Corollary 5.1. If X is rga — Dj, then it is rgap. 

Proof. Remark 5.1(iv) and Theorem 5.1(vii). 

Definition 5.4. A point x € X which has X as the unique rga—neighborhood is called 
rgc.c point. 

Theorem 5.3. For an rgag space X the following are equivalent: 

(1) X is rga — Dy; 

(2) X has no rge.c point. 

Proof. (1)=(2): Since X is rga — Dj, then each point x of X is contained in a rgaD-set 
O =U —V and thus in U. By definition U 4 X. This implies that x is not a rgc.c point. 

(2)(1): If X is rgao, then for each 4 y € X, at least one of them, x (say) has a 
rga—neighborhood U containing x and not y. Thus U 4 X is a rgaD-set. If X has no rge.c 


point, then y is not a rgc.c point. This means 3 rga—neighborhood V of y) 3 V 4 X. Thus 
y € (V —UV) but not x and V —U is a rgaD-set. Hence X is rga — Dj. 

Remark 5.2. It is clear that an rgag space X is not rga— Dy iff there is a unique rga—c.c 
point in X. It is unique because if x and y are both rgc.c point in X, then at least one of 
them say x has a rga—neighborhood U containing x but not y. But this is a contradiction since 
UFX. 

Definition 5.5. X is rga—symmetric if for x and y in X, # € rgafy} implies y € rgaf{x}. 
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Theorem 5.4. X is rga—symmetric iff {x} is rga-closed for each x € X. 

Proof. Assume that « € rga{y} but y ¢ rga{x}. This means that [rga{a}]° contains 
y. This implies that rga{y} is a subset of [rgafx}]°. Now [rgaf{x}]° contains x which is a 
contradiction. Conversely, suppose that {xz} C E € RGaO(X) but rga{zx} is not a subset of 
E. This means that rgafa} and E* are not disjoint. Let y belongs to their intersection. Now 
we have x € rga{y} which is a subset of E° and x ¢ E. But this is a contradiction. 

Corollary 5.2. If X is a rgaj, then it is rga—symmetric. 

Proof. In a rga; space, singleton sets are rga—closed (Theorem 3.2(ii)) and therefore 
rga—closed (Remark 5.3). By Theorem 5.4, the space is rga—symmetric. 

Corollary 5.3. The following are equivalent: 

(1) X is rga—symmetric and rgap; 

(2) X is rgay. 

Proof. By Corollary 5.2 and Remark 5.1 it suffices to prove only (1) — (2). Let «x #y 
and by rgao, we may assume that x € G, C {y}° for some G, € RGaO(X). Then «x € rg{y}— 
and hence y ¢ rg{a}—. There exists Gp € RGaO(X) 3 y € Go C {x}* and X is a rgay space. 

Theorem 5.5. For an rga—symmetric space X the following are equivalent: (1) X is 
rgag; (2) X is rga — Dj; (3) X is rgay. 

Proof. (1)=(8): Corollary 5.3 and (3) = (2) = (1): Remark 5.1. 

Theorem 5.6. If fis a rga—irresolute surjection and E is rgaD-set in Y, then f-'(E) is 
rgaD-set in X. 

Proof. Let E be argaD-set in Y. Then there are rga—open sets U; and U2 in Y such that 
E=U,—Uz and U, #Y. By the rga—irresoluteness of f, f-'(U,) and f-'(U2) are rga—open 
in X. Since U; # Y, we have f-'(U,;) # X Hence f-'(E) = f-'(U;) —f-+(U2) is a rga— D-set. 

Theorem 5.7. If Y is rga — D, and fis bijective, rga—irresolute, then X is rga — Dj. 

Proof. Suppose that Y is a rga — D, space. Let x and y be any pair of distinct points in 
X. Since f is injective and Y is rga — Dj, there exist rga—D-sets G, and Gy of Y containing 
f(x) and f(y) respectively, such that f(y) ¢ G. and f(x) ¢ Gy. By Theorem 5.6, f-'(G.) and 
f'(Gy) are rga—D-sets in X containing x and y, respectively. Therefore X is a rga — D, 
space. 


Theorem 5.8. X is rga — D, iff for each pair x 4 y € X, J a rga—irresolute surjective 
function f, where Y is an rga — D, space 3 f(x) fly). 
Proof. Necessity. For every x 4 y € X, it suffices to take the identity function on X. 


Sufficiency. Let « 4 y € X. By hypothesis, 4 a rga—irresolute, surjective function f from 
X onto a rga — D, space Y such that f(x) # f(y). Therefore, there exist disjoint rga—D- 
sets Gz;G, C Y 3 f(x) € G; and fly) € Gy. Since f is rga—irresolute and surjective, by 
Theorem 5.6, f-'(G,) and f-'(G,) are disjoint rga—D-sets in X containing x and y respectively. 
Therefore X is rga — D, space. 

Corollary 5.4. Let {X./a € I} be any family of topological spaces. If Xq is rga — Di 
for each a € J, then the product IXq is rga — Dj. 

Proof. Let (xq) and (ya) be any pair of distinct points in ILX,. Then there exists an 
index § € I such that xg 4 yg. The natural projection Pg : LX, — Xg is almost continuous 
and almost open and Ps((%a)) = Ps((ya)). Since Xg is rga — Dy, LX, is rga — Dy. 
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Conclusion. In this paper we defined new separation axioms using rga—open sets and 


studied their interrelations with other separation axioms. 
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81. Introduction 


The fuzzy concept has invaded almost all branches of mathematics ever since the intro- 
duction of fuzzy sets by L. A. Zadeh "4]. The theory of fuzzy topological space was introduced 
and developed by C. L. Chang !"! and since then various notions in classical topology have been 
extended to fuzzy topological space. The idea of “intuitionistic fuzzy set” was first published 
by Atanassov | and many works by the same author and his colleagues appeared in the liter- 


2-4] Later, this concept was generalized to “intuitionistic L - fuzzy sets” by Atanassov 


[5] 


ature | 
and Stoeva 
by Karl R. Gentry and Hunghes B. Hoyle III in [11]. We have extended this concepts to fuzzy 


topological space and in this connection, we have introduced the concept of somewhat fuzzy 


. In classical topology the class of somewhat continuous functions was introduced 


continuous functions and somewhat fuzzy open hereditarily irresolvable by G. Thangaraj and 
G. Balasubramanian in [12]. The concepts of resolvability and irresolvability in topological 
spaces was introduced by E. Hewit in [10]. The concept of open hereditarily irresolvable spaces 
in the classical topology was introduced by A. Geli’kin in [9]. The concept on fuzzy resolv- 
able and fuzzy irresolvable spaces was introduced by G. Thangaraj and G. Balasubramanian 
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in [13]. In this paper the concept of intuitionistic fuzzy resolvable, intuitionistic fuzzy irre- 
solvable, intuitionistic fuzzy open hereditarily irresolvable spaces and maximally intuitionistic 
fuzzy irresolvable space are introduced. Also we discuss and study several interest properties 
of the intuitionistic fuzzy open hereditarily irresolvable spaces besides giving characterization 
of these spaces by means of somewhat intuitionistic fuzzy continuous functions and somewhat 


intuitionistic fuzzy open functions. Some interesting properties and related examples are given. 


§2. Preliminaries 


Definition 2.1.!3] Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS for 
short) A is an object having the form A = {(x, a(x), d4(x“)) : « € X} where the function 
pa : X > I and 64 : X — I denote the degree of membership (namely p14(x)) and the 
degree of nonmembership(d4(a)) of each element x € X to the set A, respectively, and 0 < 
pa(x) + 64(x) < 1 for each x € X. 

Definition 2.2.!5] Let X be a nonempty set and the intuitionistic fuzzy sets A and B in 
the form A = {(a, wa(2), ba(x)): 0 © X}, B= {(x, p(x), 0p(x)): « © X}. Then 

(a) AN B= {(a, wa(x) A wp(2), d4(x) V Op(a)) : « © X}; 

(b) AUB = {(x, wa(x) V wa(2), a(x) A dp(a)) : 2 © X}. 

Now we shall define the image and preimage of intuitionistic fuzzy sets. Let X and Y be 
two nonempty sets and f : X — Y be a function. 

Definition 2.3.!3) (a) If B = {(y, up(y), 6B(y)) : y € Y} is an intuitionistic fuzzy set in Y, 
then the preimage of B under f, denoted by f~'(B), is the intuitionistic fuzzy set in X defined 
by f~*(B) = {(, f-"(ua)(x), f-*(SB)(a)) + & © X}. 

(b) If A = {(z,A4(2),V4(x)) : «© € X} is an intuitionistic fuzzy set in X, then the 
image of A under f, denoted by f(A), is the intuitionistic fuzzy set in Y defined by f(A) = 
{(y, FAa)(W), (1 — £0 — 94))(@) : 9 € YF. 

Where 


SUP rE f-1(y) ra(2), if f7*(y) #90, 


0, otherwise, 


fAa)(y) = 


infec f-1(y) Va(z), if ft) # 0, 
1 


(1— fl -8a))(y) = ; 
, otherwise. 
For the sake of simplicity, let us use the symbol f_(0,4) for 1— f(1— Va). 

Definition 2.4.'8] Let A be an intuitionistic fuzzy set in intuitionistic fuzzy topological 
space (X,T). Then 

IFint(A) = U{G | G is an intuitionistic fuzzy open in X and G C A} is called an 
intuitionistic fuzzy interior of A; 

IF cl(A) = (\{G |G is an intuitionistic fuzzy closed in X and G D A} is called an intu- 


itionistic fuzzy closure of A. 
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Proposition 2.1.) Let (X,T) be any intuitionistic fuzzy topological space. Let A be 
an intuitionistic fuzzy sets in (X,T). Then the intuitionistic fuzzy closure operator satisfy the 
following properties: 

(i) 1 — IF cl(A) = IFint(1 — A); 

(ii) 1 — 1Fint(A) = IF cl(1 — A). 

Definition 2.5.!!7] A fuzzy set A in a fuzzy topological space (X,T) is called fuzzy dense 
if there exists no fuzzy closed set ys in (X,T) such that A < <1. 

Definition 2.6.!!°) Let (X,T) be a fuzzy topological space. (X,T) is called fuzzy resolvable 
if there exists a fuzzy dense set \ in (X,T') such that cl(1 — A) = 1. Otherwise (X,T) is called 
fuzzy irresolvable. 

Definition 2.7.!° A fuzzy topological space (X,T) is called a fuzzy submaximal space if 
for each fuzzy set A in (X,T) such that cl(A) = 1, then A € T. 

Definition 2.8.!'3] Let (X,T) be a fuzzy topological space. (X,T) is called fuzzy open 
hereditarily irresolvable if intcl(A) #4 0 then intA 4 0 for any fuzzy set A in (X,T). 

Definition 2.9.[!7] Let (X,T) and (Y,S) be any two fuzzy topological spaces. A function 
f : (X,T) — (Y,S) is called somewhat fuzzy continuous if A € S and f~(A) #0 => there 
exists u € T such that p £0 and uw < f-()). 

Definition 2.10.!"*) Let (X,T) and (Y, S) be any two fuzzy topological spaces. A function 
f : (X,T) — (Y,S) is called somewhat fuzzy open if \ € T and A 40 ==> there exists wp € S 
such that u 40 and wp < f(A). 


§3. Intuitionistic fuzzy resolvable and intuitionistic fuzzy 


irresolvable 


Definition 3.1. An intuitionistic fuzzy set A in intuitionistic fuzzy topological space 
(X,T) is called intuitionistic fuzzy dense if there exists no intuitionistic fuzzy closed set B in 
(X,T) such that AC BC ly. 

Definition 3.2. Let (X,T) be an intuitionistic fuzzy topological space. (X,T) is called 
intuitionistic fuzzy resolvable if there exists a intuitionistic fuzzy dense set A in (X,T) such 
that [F'cl(1 — A) = 1. Otherwise, (X,T) is called intuitionistic fuzzy irresolvable. 

Example 3.1. Let X = {a,b,c}. Define the intuitionistic fuzzy sets A, B and C as follows, 


A= (2, (x5) Ta os) (a3 aa os) 


B= (2,(qa Te os) (os oa aa))s 


and 


a b c a b c 
C = (@, (931 0.37 0.4) (07 07> 0.6)? 
Clearly T = {0.,1,,A} is an intuitionistic fuzzy topology on X. Thus (X,T) is an 
intuitionistic fuzzy topological space. Now IF int(B) = 0., I[Fint(C) = 0., [Fint(1 — B) = 
0, [Fint(1—C) = A, IFel(B) =1,, IFe(C) =1,, [Fel(1—B) =1, and IFdl(1—C) =1- 
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A. Hence there exists a intuitionistic fuzzy dense set B in (X,T), such that [Fint(1—B) = 1x. 
Hence the intuitionistic fuzzy topological space (X, T) is called a intuitionistic fuzzy resolvable. 

Definition 3.2. Let X = {a,b,c}. Define the intuitionistic fuzzy sets A, B and C as 
follows, 


a= (x, (oe on a5)» (oa a5 O5))> 


B= (2,(57> 73 oe) (as ee a3))s 


and 


C= (x, (a9, Tae os) (oa Tee oa)) 


Clearly T = {0.,1,, A} is an intuitionistic fuzzy topology on X. Thus (X,T) is an 
intuitionistic fuzzy topological space. Now I[Fint(B) = A, IFint(C) = A, IFd(B) = 
lL, [Fd(C) = 1, and IFcl(B) = 1.. Thus B and C are intuitionistic fuzzy dense set in 
(X,T), such that JFcl(1-— B) =1—A and IFd(1—C) =1- A. Hence the intuitionistic fuzzy 
topological space (X,T) is called a intuitionistic fuzzy irresolvable. 

Proposition 3.1. Let (X,7) be an intuitionistic fuzzy topological space. (X,T) is an 
intuitionistic fuzzy resolvable space iff (X,7T) has a pair of intuitionistic fuzzy dense set A; and 
A» such that A; C1— Ao. 

Proof. Let (X,T) be an intuitionistic fuzzy topological space and (X, T) is an intuitionistic 
fuzzy resolvable space. Suppose that for all intuitionistic fuzzy dense sets A; and A;, we have 
A; Z1—A,;. Then A; > 1— A;. Then I[Fcl(A;) > IF cl(1 — A;) which implies that 1, 
> IFcd(1 — A;) then [Fcl(1— A;) # 1,. Also A; D 1— A; then I[Fcl(A;) D IF cl(1 — Aj) 
which implies that 1. > IFcl(1 — A;). Then IF cl(1 — A;) 4 1.. Hence IF cl(A;) = 1x, but 
IFcl(1—A;) #1. for all intuitionistic fuzzy set A; in (X,T). Which is a contradiction. Hence 
(X,T) has a pair of intuitionistic fuzzy dense set A; and Ag such that A; C 1 — Ag. 

Converse, suppose that the intuitionistic fuzzy topological space (X,T) has a pair of in- 
tuitionistic fuzzy dense set A; and Ag, such that A; C 1 — Ag. Suppose that (X,T) is a 
intuitionisic fuzzy irresolvable space. Then for all intuitionistic fuzzy dense set A, and Ag in 
(X,T), we have [Fcl(1 — Ay) 4 1,. Then IF'cl(1 — Az) 4 1. implies that there exists a intu- 
itionistic fuzzy closed set B in (X,T), such that 1— Ap C B C1... Then Ay C1—Ag CBC1A 
implies that Ay C B C 1x. Which is a contradiction. Hence (X,T) is a intuitionistic fuzzy 
resolvable space. 

Proposition 3.2. If (X,T) is intuitionistic fuzzy irresolvable iff [Fint(A) 4 Ow for all 
intuitionistic dense set A in (X,T). 

Proof. Since (X, 7) is an intuitionistic fuzzy irresolvable space, for all intuitionistic fuzzy 
dense set A in (X,T), [Fcl(1— A) £1.. Then 1 — IF int(A) 4 1., which implies [Fint(A) 4 
Ow. 

Conversely [Fint(A) 4 O., for all intuitionistic fuzzy dense set A in (X,T). Suppose that 
(X,T) is intuitionistic fuzzy resolvable. Then there exists a intuitionistic fuzzy dense set A in 
(X,T), such that [Fcl(1 — A) = 1. implies that 1 — IF int(A) = 1,, implies [Fint(A) = Ov. 
Which is a contradiction. Hence (X,T) is intuitionistic fuzzy irresolvable space. 
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Definition 3.3. An intuitionistic fuzzy topological space (X,T) is called a intuitionistic 
fuzzy submaximal space if each intuitionistic fuzzy set A in (X,T) such that I[F'cl(A) = ly, 
then Ae T. 

Proposition 3.3. If the intuitionistic fuzzy topological space (X, T)) is intuitionistic fuzzy 
submaximal, then (X,T) is intuitionistic fuzzy irresolvable. 

Proof. Let (X,T) be a intuitionistic fuzzy submaximal space. Assume that (X,T) is a 
intuitionistic fuzzy resolvable space. Let A be a intuitionistic fuzzy dense set in (X,T). Then 
IFcl(1— A) = 1,. Hence 1—IFint(A) = 1., which implies that [Fint(A) =0.. Then A ¢ T. 
Which is a contradiction to intuitionistic fuzzy submaximal space of (X,T). Hence (X,T) is 
intuitionistic fuzzy irresolvable space. 

The converse Proposition 3.3 is not true. See Example 3.2. 

Definition 3.4. An intuitionistic fuzzy topological space (X,T) is called a maximal in- 
tuitionistic fuzzy irresolvable space if (X,T) is intuitionistic fuzzy irresolvable and every intu- 
itionistic fuzzy dense set A of (X,T) is intuitionistic fuzzy open. 

Example 3.3. Let X = {a,b,c}. Define the intuitionistic fuzzy sets A, B, AN B and 
AUB as follows, 


A= (2, ( 


05 os os) (oa adi oa): 


B= (2, (94: ae a5) (ae oe a5), 


ANB= (t, (9 a a5)? (os a5 O5))> 


and 


b b 
AUB= (2, (95,55) 05)) (0a) 04 04) 


Clearly T = {0.,1.,A,B,AM B,AU B} is an intuitionistic fuzzy topology on X. Thus 
(X,T) is an intuitionistic fuzzy topological space. Now IFint(1 — A) = 0., [Fint(1 — B) = 
V{0., B, AN B} = B, IFint(1 — AU B) = 0q, LFint(1— AN B) = V{0., B, AN B} = B and 
IFel(A) =1,, [Fel(B) =1- B, IFel(AUB) =1,, [Fel(AN B) =1-B, IFel(1— AUB) = 
A{1~,1- AU B,1— B,1— ANB} =1-—AUB, IFd(1— A) =A{1,,1-4,1—- ANB} = 
1— A, IFcl(O.) A 1L. Thus intuitionistic fuzzy dense set in (X,T) are A,AU B,1QX are 
intuitionistic fuzzy open in (X,T). Hence (X,T) is an intuitionistic fuzzy irresolvable and 
every intuitionistic fuzzy dense set of (X,7T) is intuitionistic fuzzy open. Therefore (X,T) is a 


maximally intuitionistic fuzzy irresolvable space. 


84. Intuitionistic fuzzy open hereditarily irresolvable 


Definition 4.1. (X,T) is said to be intuitionistic fuzzy open hereditarily irresolvable if 
IFint(IFcl(A)) #0. then [Fint(A) A 0. for any intuitionistic fuzzy set A in (X,T). 

Example 4.1. Let X = {a,b,c}. Define the intuitionistic fuzzy sets A1, Ap and A3 as 
follows, 
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A, = (2, (a4, ee aa) (a Tay as): 


Az = (2, (5%) oe oa) (aa Tee oa) 


and 


A; = (2, Cre ee a5) Cre ee os) 


Clearly T = {0.,1., Ai, Ag} is an intuitionistic fuzzy topology on X. Thus (X,T) is an 
intuitionistic fuzzy topological space. Now IF'cl(A,) = 1— A; I F'cl(Az) = 1x and IF int(A3) = 
A,. Also I[Fint([Fcl(A,)) = IFint(1 — A,) = 1— A, # Ow and IFint(A,) = A, F On, 
[Fint(IFcl(A2)) = [Fint(1.) = 1. 4 Ow and IF int(Az) = Ao F Ov, [Fint([Fcl(A3)) 
IFint(l — Ay) = 1-— Ay # Ov and IFint(A3) = Ay # OV and IFint(IFcl(1 — Asz)) 
IFint(1 — Ay) =1— A; #0, and IFint(1 — As) = Ai # Ow. Hence if [Fint(IFel(A)) # On 
then [Fint(A) 4 0. for any non zero intuitionistic fuzzy set A in (X,T). Thus (X,T) isa 


intuitionistic fuzzy open hereditarily irresolvable space. 


I 


I 


Proposition 4.1. Let (X,T) be an intuitionistic fuzzy topological space. If (X,T) is 
intuitionistic fuzzy open hereditarily irresolvable then (X,T) is intuitionistic fuzzy irresolvable. 

Proof. Let A be an intuitionistic fuzzy dense set in (X,T). Then IFcl(A) = 1., which 
implies that [Fint(IF'cl(A)) = 1. 4 OV. Since (X,T) is intuitionistic fuzzy open hereditarily 
irresolvable, we have [Fint(A) #4 O.. Therefore by Proposition 3.2, [Fint(A) 4 O.~ for all 
intuitionistic fuzzy dense set in (X,T), implies that (X,7) is intuitionistic fuzzy irresolvable. 
The converse is not true (See Example 4.2). 

Example 4.2. Let X = {a,b,c}. Define the intuitionistic fuzzy sets A, B and C as follows, 


A= (2, (3: Te oa) (os Te a5)» 


B= (2, (94, me oa) (a> me aa)?» 


and 


C= (2, (aa oa oa) (os = 53): 


Clearly T = {0.,1., A,B} is an intuitionistic fuzzy topology on X. Thus (X,T) is an 
intuitionistic fuzzy topological space. Now C and 1w are intuitionistic fuzzy dense sets in 
(X,T). Then [Fint(C) = A #0. and IFint(1.) 4 0.. Hence (X,T) i an intuitionistic fuzzy 
irresolvable. But [Fint(IF'cl(1 — C)) = IFint(1— A) = A # On and IFint(1 — C) = Ov. 
Therefore (X,T) is not a intuitionistic fuzzy open hereditarily irresolvable space. 

Proposition 4.2. Let (X,T7) be an intuitionistic fuzzy open hereditarily irresolvable. 
Then [Fint(A) Z 1 — IFint(B) for any two intuitionistic fuzzy dense sets A and B in (X,T). 

Proof. Let A and B be any two intuitionistic fuzzy dense sets in (X,T). Then IF'cl(A) = 
1. and IF cl(B) = 1. implies that [Fint([Fcl(A)) #4 0. and IF int(I[Fcl(B)) 4 0.. Since 
(X, T) is intuitionistic fuzzy open hereditarily irresolvable, [Fint(A) 4 0. and IFint(B) 4 0X. 
Hence by Proposition 3.1, A Z 1— B. Therefore [Fint(A) C A Z1—BC1-—TIFint(B). Hence 
we have [Fint(A) C 1—IFint(B) for any two intuitionistic fuzzy dense sets A and B in (X,T). 
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Proposition 4.3. Let (X,7) be an intuitionistic fuzzy topological space. If (X, 7’) is intu- 
itionistic fuzzy open hereditarily irresolvable then [F'int(A) = 0~ for any nonzero intuitionistic 
fuzzy dense set A in (X,T) implies that [Fint(IF'cl(A)) = 0.. 

Proof. Let A be an intuitionistic fuzzy set in (X,T), such that [Fint(A) =0.. We claim 
that [Fint(IFcl(A)) =0.. Suppose that IFint([Fcl(A)) = O0.. Since (X,T) is intuitionistic 
fuzzy open hereditarily irresolvable, we have IFint(A) # O07. Which is a contradiction to 
IFint(A) =0.. Hence [Fint(IFcl(A)) = 0,. 

Proposition 4.4. Let (X,7) be an intuitionistic fuzzy topological space. If (X,T) is intu- 
itionistic fuzzy open hereditarily irresolvable then J F'cl(A) = 1~ for any nonzero intuitionistic 
fuzzy dense set A in (X,T) implies that [F'cl(IFint(A)) = 0.. 

Proof. Let A be an intuitionistic fuzzy set in (X,T), such that [F'cl(A) = 1.. Then we 
have 1 — IF cl(A) = 0., which implies that [Fint(1 — A) = O.. Since (X,T) is intuitionistic 
fuzzy open hereditarily irresolvable by Proposition 4.3. We have that IFint(IFcl(1—A)) = 0w. 
Therefore 1 — [Fcl(IFint(A)) = 0. implies that [F'cl(IFint(A)) = 1,. 


§5. Somewhat intuitionistic fuzzy continuous and some- 


what intuitionistic fuzzy open 


Definition 5.1. Let (X,T) and (Y,5) be any two intuitionistic fuzzy topological spaces. 
A function f : (X,T) — (Y, 5S) is called somewhat intuitionistic fuzzy continuous if A € S and 
f—*(A) 4 0x, then there exists a B € T, such that B #0. and BC f~!(A). 

Definition 5.2. Let (X,T) and (Y,S) be any two intuitionistic fuzzy topological spaces. A 
function f : (X,T) — (Y,S) is called somewhat intuitionistic fuzzy open if A € T and A # OQ, 
then there exists a B € S, such that BAO. and BC f(A). 

Proposition 5.1. Let (X,T) and (Y,S) be any two intuitionistic fuzzy topological spaces. 
If the function f : (X,T) — (Y,S) is somewhat intuitionistic fuzzy continuous and 1-1 and if 
IFint(A) = 0. for any nonzero intuitionistic fuzzy set A in (X,T) then [Fint(f(A)) = 0. in 
(¥,§). 

Proof. Let A be a nonzero intuitionistic fuzzy set in (X,T), such that [Fint(A) = 0.. To 
prove that I[Fint(f(A)) =0.. Suppose that [Fint(f(A)) 4 0. in (Y,S). Then there exists an 
nonzero intuitionistic fuzzy set B in (Y,S), such that B C f(A). Then f~'(B) C f7'(f(A)). 
Since f is somewhat intuitionistic fuzzy continuous, there exists a C € T, such that C 4 Ov 
and C C f~+(B). Hence C C f~!(B) C A, which implies that [Fint(A) #4 0.. Which is a 
contradiction. Hence [Fint(f(A)) = Ow in (Y, S$). 

Proposition 5.2. Let (X,T) and (Y,S) be any two intuitionistic fuzzy topological 
spaces. If the function f : (X,T) — (Y,S) is somewhat intuitionistic fuzzy continuous and 
1-1 and if [Fint(IFcl(A)) = 0. for any nonzero intuitionistic fuzzy set A in (X,T) then 
IFint(IFcl(f(A))) = 0. in (Y, S$). 

Proof. Let A be a nonzero intuitionistic fuzzy set in (X,T'), such that [Fint(IFcl(A)) = 
OV. We claim that I[Fint(IF'cl(f(A))) = 0. in (Y,S). Suppose that [Fint(IFcl(f(A))) 4 0. 
in (Y,S). Then IF cl(f(A)) 4 Ov. Then 1 — IFcl(f(A)) 4 0.. Now 1 — IF cl(f(A)) # On € 
S and since f is somewhat intuitionistic fuzzy continuous, there exists a B © T, such that 
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BAO. and BC f-'(1—IFel(f(A))). That is B C 1— f~'(IFcl(f(A))), which implies 
that f-'([Fel(f(A))) C 1— B. Since f is 1-1, thus A C f-'(f(A) C f-l(IFel(f(A))) C 
1 — B, implies that A C 1— B. Therefore B C 1 — A implies that [Fint(1 — A) 4 OV. Let 
IFint(1 — A) = C #0,. Then we have [Fcl(IFint(1 — A)) = IF cl(C) 4 1,, implies that 
IFint(IF'cl(A)) 4 0.. Which is a contradiction. Hence IF int(Ifcl(f(A))) =O. in (Y, S$). 

Proposition 5.3. Let (X,T) and (Y,S) be any two intuitionistic fuzzy topological spaces. 
If the function f : (X,T) — (Y,S) is somewhat intuitionistic fuzzy open and if [Fint(A) = 0, 
for any nonzero intuitionistic fuzzy set A in (Y,$) then [Fint(f—!(A)) = 0. in (X,T). 

Proof. Let A be a nonzero intuitionistic fuzzy set in (Y,S), such that [Fint(A) = OX. 
We claim that [Fint(f~!(A)) = Ow in (X,T). Suppose that [Fint(f~'(A)) 4 Ow in (X,T). 
Then there exists a nonzero intuitionistic fuzzy open set B in (X,T), such that BC f~1(A). 
Then we have f(B) C f(f71(A)) C A. Which implies that f(B) C A. Since f is somewhat 
intuitionistic fuzzy open, there exists a C € S, such that C #4 0. and C C f(B). Hence 
C C f(B) C A, which implies that C C A. Hence IFint(A) 4 0.. Which is a contradiction. 
Hence I Fint(f~!(A)) = Ow in (X,T). 

Proposition 5.4. Let (X,T) and (Y,S) be any two intuitionistic fuzzy topological spaces. 
Let (X,T) be an intuitionistic fuzzy open hereditarily irresolvable space. If f : (X,T) — (Y,$) 
is somewhat intuitionistic fuzzy open and somewhat intuitionistic fuzzy continuous, 1-1 and 
onto function then (Y,S) is intuitionistic fuzzy open hereditarily space. 

Proof. Let A be a nonzero intuitionistic fuzzy set in (Y,S), such that [Fint(A) = OX. 
Now IF int(A) = 0~ and f is somewhat intuitionistic fuzzy open implies that by Proposition 
5.3, [Fint(f~1(A)) = 0. in (X,T). Since (X,T) is intuitionistic fuzzy open hereditarily ir- 
resolvable space, we have IF int(IFcl(f~!(A))) = 0. in (X,T), by Proposition 4.3. Since 
IFint(IFcl(f~!(A))) = 0. and f is somewhat intuitionistic fuzzy continuous by Proposition 
5.2, we have I Fint(IFcl(f(f~!(A)))) = 0x. Since f is onto, thus [FintI Fcl(A) = 0.. Hence 
by Proposition 4.3. (Y, S$) is an intuitionistic fuzzy open hereditarily irresolvable space. 


References 


1] K. Atanassov, Intuitionistic fuzzy sets, in: V. Sgurev. Ed., VI ITKR’s Session, Sofia 
Central Sci. and Techn. Library, Bulg. Academy of Sciences, 1984. 

2] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20(1986), 87-96. 

3] K. Atanassov, Review and new results on intuitionistic fuzzy sets, Preprint IM-MFAIS- 
1-88, Sofia, 1988. 

4] K. Atanassov and S. Stoeva, Intuitionistic fuzzy sets, in: Polish Syrup. on Interval & 
Fuzzy Mathematics, Poznan, 8(1983), 23-26. 

5] K. Atanassov and S. Stoeva, Intuitionistic L-fuzzy sets, in: R. Trappl, Ed., Cybernetics 
and System Research, Elsevier, Amsterdam, 1984, 539-540. 

6] G. Balasubramanian, Maximal Fuzzy Topologies, Kybernetika, 31(1995), No. 5, 459- 


464. 


Vol. 7 Intuitionistic fuzzy resolvable and intuitionistic fuzzy irresolvable spaces 67 


7| C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl, 24(1968), 182-190. 

8] D. Coker, An introduction to intuitionistic fuzzy topological spaces, Fuzzy Sets and 
Systems, 88(1997), 81-89. 

9] A. Gel’kin, Ultrafilters and undecomposable spaces, Vestnik. Mosk. Univ. Mat, 
5(1969), No. 24, 51. 

10] E. Hewit, A Problem in set Theoretic Topology, Duke. Math. Jour, 10(1943), 309-333. 
11] Karl R. Gentry and Hughes B. Hoyle III, Somewhat Continuous Function, Czech. 
Math. Journal, 96(1971), No. 21, 5-12. 

12] G. Thangaraj and G. Balasubramanian, On Somewhat Fuzzy Continuous Functions, 
J. Fuzzy. Math, 11(2003), No. 2, 725-736. 

13] G. Thangaraj and G. Balasubramanian, On Fuzzy resolvable and Fuzzy Irresolvable 


spaces, Fuzzy Sets Rough Sets and Multivalued Operations and Applications, 2(2009), No. 1, 
173-180. 
[14] L. A. Zadeh, Fuzzy sets, Inform and Control, 8(1965), 338-353. 


Scientia Magna 
Vol. 7 (2011), No. 2, 68-72 


Super Weyl! transform and some of 
its properties 


Mohsen Alimohammadit and Mohammad Habibi? 


7 t Department of Mathematics, Mazandaran University, P. O. Box 47416-95447, 


Babolsar, Mazavdaran, Iran 
E-mail: amohsen@umz.ac.ir habib_m65@yahoo.com 


Abstract In this paper, we define the Wigner transform and the corresponding Weyl] trans- 
form associated with the supersymbols that extend classical Weyl transform theory. This is 
motivated by acting with a net of symbols that generalize the class of S’’. Then we give some 
relations between super Wey] transform and generalized Wigner transform. 

Keywords Microlocal analysis, Weyl transform, Wigner transform, supersingular pseudodif 


-ferential operator, supersymbol. 


2000 Mathematics Subject Classification: Primary 35530; Secondary 81530. 


81. Introduction 


The classical Wey] transform was first introduced in [6] by Hermann Wey] arising in quan- 
tum mechanics. The theory of Weyl transform is a vast subject of remarkable interest both in 
mathematical analysis and physics. In the theory of partial differential equations Weyl opera- 
tors have been studied as a particular type of pseudo-differential operators. They have proved 
to be a useful technique in a quantity of problems like elliptic theory, spectral asymptotics, 
regularity problems, etc !], 

There is so many operators in theoretical mathematics that have powerful analytic methods 
for achieving the relationships and proposed which are require. But in the Theoretical physics 
(or applied mathematics!) we deal with functions or equations that do not abbey ordinary laws. 

As operators acting on L?(IR"), Weyl operators have been deeply investigated mainly in 
the case where the symbol is a smooth function belonging to some special symbol classes [!~7). 

In the microlocal analysis we deal with the space of symbols which are infinitely differen- 
tiable functions and make it into Fréchet space by means of seminorms °!, But in the Physics 
observations we often deal with functions which vary in respect of time and thus make nets of 
functions. In [4] introduced a class of symbols that vary in respect of time and are integrable 
with respect to an arbitrary measure. By means of this class of symbols we can generalize the 


classical theory with supersymbols and supersigular pseudodifferential operators. 
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§2. Preliminaries 


Suppose JN is a fixed natural number. The pseudodifferential operator (abb. wDO) gener- 
ates from $’ symbols as follow |! 


ope= ff u(x.) F(o)dy ae, 
in which 7(x,€) € S™, such that for all (a, 8,n) € ZY x ZN x Zy4, 


sup sup |A¢07w(a,€)|(1+ |) #1"! < 00. 
|z|<n €ERN 


One of the advantage operators which is used in the quantum meachanics is Wigner transform 
I]. Let f and g be in the Schwartz space S(R%). Then the W(f,g) on the R?, is defined by 


WEE Merg) = 2m-F fers (0+ 4) g (eB) ay, 


which is called the Wigner transform of f and g. 

In addition to usefulness of the Wigner transform, the other application of that, is its 
beautiful relationship with one of the most important operator in the quantum machanics, i. e. 
Wey] transform, 

Definition 2.1. Suppose that ~ lies in S™”. Then the linear operator Wy, defined by 


wonte)= f foes (=e) reray ae 


is the Weyl transform of the function f € S(RY). 
Now we want to define a class of 7DOs such that be more general and applicable in physics 


phenomena. 
Definition 2.2. Given an arbitrary measure o on RY. If yy: RN — S™ (m € R), v is 


said to be supersymbol if for all (a, 8,n) € ZY x ZY x Z4, 


/ sup sup |O202h(«,€)|(1 + lel) *!do(t) < 00. 


|z|<n €ER 


The class of such w is denoted by S'S”. 
Each supersymbol, regarded together with the measure generates a supersingular pseudod- 
ifferential operator (abb. SqDO) as follows: 


T(,0)(f) = / / / e'®Sah(t)(, €)e7 f(y — #)dy dB do(t). 


As the trivial case when c is the unit measure 6(t) supported at origin, T(w,c) is the pseu- 
dodofferential operator OPw(0). As usual, notations OPSS™(c) and OPS'S~© etc. Stand 
for the space of operators generated by the corresponding space of supersymbols, i.e. of 
SS™(a), SS~° =AmSS™. It is easy to check that for T(~, 7) we can rewrite it as 


T(b,o)(f) = / / 7 cil®—-1-OEy(4)(, 8) f(y)dy dO dot). 
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This technique is very useful for generalization of the differential operators to operators 
for an arbitrary measure space. So we can define a general Wigner transform that is integrated 
with an arbitrary measure o on R% as follows 


Whats = On ® fers (2-4 Bg (2-Day, 


where z,t,€ € RY. 


Now we are ready for introducing super Weyl transform that is more general and that will 
extend the classical theory and make a framework of operators that will be useful in theoretical 
physics and applied mathematics. 


§3. Super Weyl transform 


Definition 3.1. Let 7(t) be a super symbol and o be an arbitrary measure on R%. For 
both functions f and g in the Schwartz space, the integral 


(sWoonfte)= ff feeresye » (A) f(w)dy dé do(t), 


is called the super Weyl transform of f and g. 


In the next theorem we will illuminate the relationship between the super Wey] transform 
and the generalized Wigner transform. The following lemma is needed. 


Lemma 3.2. If 6 is in C§°(R), such that (0) = 1, then 


tim 2ny-® ff f (ego Oy) (Ay 6) fu)dy dé do(t), 


e—0+ 


exists and is independent of the choice of the function @. Moreover, the convergence is uniform 
with respect to x on RY. 


Hint: Note that for any positive integer L, 
(1 — Ay) fel-9- 98) = (14 fgPyFete-9€ 
Theorem 3.3. Let 7(t) € SS™, m € R, and o be an finite measure on RY. Then 


(SWywf, 9) = 2n)-# / / / (t)(x, OSW(f.9)(a,t, Ode dé dot), f, g € S(R®). 


Proof. Let 6 be any function in C§°(R%) such that 6(0) = 1. Then, by the Lemma, 


Lebesgue dominated convergence theorem, and Fubini’s theorem, 
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gs )(w, SW (Ff, 9)(a, t, dx dE do(t) 
= tim ff f (cb, QsW(t,a)(e.t.8de dé doll 


= lim@n)-® f ra A(cew(t)(2,€) 
xf fers (x ! 2) g(x t Day ae dé do(t) 
= timeany¥ ff o(ee) 
«{f [vo (x, £) eu (ot 2 a) g a (v= t— B)ay ach de date 


Let u=a2—t+ $4 andv=-2-— in the last term, by Lemma, Fubini’s Theorem and the 


Lebesgue dominated convergence theorem, 


oe (x, €)SW(f,9)(a, t, €)da d€ do(t) 


= agent | [no 
ff fo a s)e iC Fu) gC g{uldu av} agao(t 


= limean)-¥ f 90) 


«tf ff accent (Ag) ete pny a dec} a 


= (2n)-# / TO) (SWyf\(vdv = (2m) F(SWynf, 9) 


In classical mechanics, the phase space used to describe the motion of a particle moving in 

RY is given by 
N={(z,6); 2,€€R%}, 

where the variables x and € are used to denote the position and momentum of the particle, 
respectively. The observables of the motion are given by real-valued tempered distributions on 
R?%. The rules of quantization, with Planck’s constant adjusted to 1, say that a quantum- 
mechanical model of the motion can be set up using the Hilbert space L?(IR%) for the phase 
space, the multiplication operator on L?(R™) by the function «x; for the position variable a,, 
and the differential operator D; for the momentum variable €;. 
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§1. Introduction and preliminaries 


Let n > 1 be an integer of canonical from n = []3_, p*’. The integer d = []>_, p}' is called 
an exponential divisor of n if b;|a; for every i €{1,2,...,s}, notation: d|en. By convention 1|.1. 

The integer n > 1 is called e-squarefree, if all exponents a),...,a@, are squarefree. The 
integer 1 is also considered to be e-squarefree. Consider now the exponential squarefree ex- 
ponential divisor (e-squarefree e-divisor) of n. Here d = []?_,p?' is called an e-squarefree 
e-divisor of n = (4 p,;’ > 1, if bi]a1,---bs|as,61,...,bs are squarefree. Note that the integer 
1 is e-squarefree but is not an e-divisor of n > 1. 

Let t)(n) denote the number of e-squarefree e-divisor of n. The function t{°)(n) is called 
the e-squarefree e-divisor function, which is a multiplicative and if n = []}_, p*’ > 1, then (see 


[1]) 
tn) = Qvlor) ... qulos) 


where w(a) = s denotes the number of distinct prime factors of a. The properties of the 


function t)(n) were investigated by many authors, see example [4]. Let 


A(x) = 5° #(n), 
n<x 
Recently Laszl6 Téth proved that the estimate 
S- t(n) = cya + cou? + O(xt**) 


n<x 


1This work is supported by N. N. S. F. of China (Grant Nos: 10771127, 11001154) and N. S. F. of Shandong 
Province (Nos: BS2009SF018, ZR2010AQ009). 
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holds for every ¢ > 0, where 


9° gu (ar) = gu (a-1) 


C= [[a rf , (*) 
p a=6 P 
1 oF gu (a) i gu(a-1) = Qu(a—2) 4 gu (a—4) 
a= 65) J] : } 
p a=4 Pp 


Throughout this paper, ¢ always denotes a fixed but sufficiently small positive constant. 
We assume that 1 < a < b are fixed integers, and we denote by d(a,b;k) the number of 


representations of k as k = nn’, where ni, n2 are natural numbers, that is 
P 1°29 ? ’ ’ 
d(a, b; k) y 1, 


k= nen’ 


and d(a,b;k) < n® will be used freely. 
The aim of this short text is to study the short interval case and prove the following. 
Theorem. If 25+? < y <2, then 


YY 1m) = ary + OGen# + att ¥9, 


a<n<a+y 


where c; is given by (x). 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas. 
Lemma 1. Suppose s is a complex number (Res > 1), then 


£(n) _ (s)625) 
ee ~ Gay 78) 


where the Dirichlet series G(s) := 7° 4) is absolutely convergent for Res > 1 /6. 


n=1 ns 
Proof. Here t‘)(n) is multiplicative and by Euler product formula we have for o > 1 that, 


= = Tors oo Oe) (1) 
= [a+ 5 conto t) 
= Ma- 5)" To all | 5 | = | = 7, 
= ¢)et26) TT Sl + apt ae te) 
6(s)¢(2s) 
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So we get G(s) := 7, an) It is easily seen the Dirichlet series is absolutely convergent 
for Res > 1/6. 
Lemma 2. Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 


B(a,y;k,€) = S- 1. 


Then we have 


Biz, y;k, 6) < ya * + Peat log x. (2) 


Proof. This lemma is very important when studying the short interval distribution of 
1-free number, see example [3]. 
Lemma 3. Let a(n) be an arithmetic function defined by (2), then we have 


S- a(n) = Cx + O(a***), (3) 
n<ux 
where C' = Ress=1¢(s)G(s). 
Proof. Using Lemma 1, it is easy to see that 
S- lg(n)| << get’, 
n<u 


Therefore from the definition of g(n) and (2), it follows that 


na mn<a 
= Sign) So1 
n<ux met 
x 
= Ya(ny(= +0) 
n<ux 
= Cxrt+O(x*t), 


and C = Res,=1¢(s)G(s). 


Next we prove our theorem. From Lemma 3 and the definition of a(n), we get 


tn) = » a(n1)u(n3), 


n=n1n3n$ 


and 
a(n) <n®, |u(n)| <1. (4) 


So we have 


A(a+y)— A(t) = > a(ra)ulns) 


u<ninans<aty 


=5°>+0(9>+))). (5) 
1 2 3 
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where 


2 e<nyn3n$<ety 
ng > x 
Ss = SY} [alra)lrns). 
3 e<nyn3n$<ety 
ng > 2 
(6) 
In view of Lemma 3, 
Cy Ge 2 
> os > tu(m3)( 24 (( 2 7)*®**)) 
: : ng5n3 N5N3 
ng <a 
ng <2 
= cy + O(yx™? + got2e), (7) 


where c, = Res, F(s). 


S = (ni) 


a <nynang<aty 
ng > «© 


Kae se 1 


a<nyn3n$<aty 
ng > «© 


= 7 » d(1, 4; m) 


a <nynan$g<aty 
ng > «© 


Kw B(x, y;2,€) 
Ka (ya © + xe t*) 


<K yx? -© + 284? log a 


K yo? + wb 42", (8) 
Similarly we have 
Si« ya? + ebt2°, (9) 
3 


Now our theorem follows from (5)-(9). 
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Abstract In this paper, we obtained some results on log convexity and log concavity of 


double sequences. 
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81. Introduction 


In literature, the well known means respectively called Arithmetic mean, Geometric mean 
and Harmonic mean are as follows; 
For a,b > 0, then 


+b 2ab 
A(a,b) = = 5 Gla,b)=Vab and (a,b) = a 
Several researchers introduced and studied some interesting results on double sequences in 
the form of above said means. Also, proved the convergence properties and obtained there limit 
values. As an application to estimate the best accurate value of 7, the authors considered the 
following double sequences [4~®! 


an41 = H(an, bn) and bn41 = G(an41, bn), (1) 


where H and G stands for harmonic mean and geometric mean respectively. 
In finding the roots of an equation one of the famous iteration method is called the Heron’s 
method of extracting of square root is achieved by the following double sequences; 


an41 = H(an, by) and brit = Alan, bn), (2) 


where H and A stands for Harmonic mean and Arithmetic mean respectively. 
Also, several researchers introduced and studied the double sequences for other applications 
as follows; 
An41 = A(an, bn) and bn41 = G(dn, bn), (3) 
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where A and G stands for Arithmetic mean and Geometric mean respectively. 

In [1,3], contains many results on convergence and monotonicity. The double sequences 
were generalized as Archimedean double sequences and Gauss double sequences. 

The sequence c, is said to be log-convez, if c2 < Cn41Cy,—1 and the sequence c,, is said to 
be log-concave, if c2 > Cn41Cn—1- 

In this paper, the logarithmic convexity and logarithmic concavity of the double sequences 
are presented (1)-(3). 


§2. Results 


In this section, some results on log convexity and concavity of double sequences are proved. 
Theorem 2.1. For n > 0, ao < bo, then the sequences an41 = H(dn,bn) and bry = 
G(an+1,0n) are respectively Log-concave and Log-convex. 


Proof. From definitions of harmonic mean and geometric mean, consider 


2anbn 
an41 = H(an, bn) = <a" and bn41 = G(an41, bn) = Van4+1bn. (4) 


It is proved that for ao < bo, 


ao < G1 < a2 << On < Angi << Ong < dn < ... < bg < bi < bo (5) 


from (4), b? = anbpn—1 and ay < bn41 from (5), implies that 62 = @nbn—1 < bn41bn—1, which is 


equivalently 

be < bn+10n-1; (6) 
consider 

an an—1 _ An + bn An—1 + bn—-1 
An+1 an — 2bn 2bn—1 
[amb by] (7) 
= aD Lan 9n-1 — An—-19n 
2bnbn—1 : : 


form (5), by < bo, —b1 > —bo, —aob; > —aybo, this leads to 


1 1 l 
- nUn—1 — Gn—1bn| = ———|Qndn_—1 — An—1bn—1] = ——|Gn — An— 0. 
2bnbn—1 la ? , 20 by—1 la : ? . u 2bn, la o 1] a 
This proves that 
02, > Gngi0n—1: (8) 


Thus the (6) and (8) satisfies the conditions of log concave and log convex for sequence. That 
is the sequence a, is log concave and the sequence b, is log convex. 

Theorem 2.2. For n > 0, ao < bo, then the sequences an41 = H(dn, bn) and bry = 
A(an, bn) are respectively log-concave and log-convex. 


Proof. Consider 


az =a Fe -_ 2an—1bn—-1 ° 7 2anbn 
i ences An-1 + br—1 ee An + bn 
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on rearranging the above expression leads to 


(daz 1bn—1) (a1 + 3an—1bn—-1) 
(Gn—1 + en a: ae + em + 6an—1bn-1) 


(bg=4 Gn—1) > 0, 


this proves that 


ae 2 Gn414n—-1; (9) 


Gn—1 + bn—1\* Gn + Bn 
be — bp-1bn41 = ( : 5 ) bn—1 (=e*) 


on rearranging the above expression leads to 


again consider 


(a4 + 3an—1bn—1) 
A(Gn—1 + bn—-1)) 


(Qn—1 bn—1) < 0, 


this proves that 
b2 < bn+10n-1- (10) 


Thus the (9) and (10) satisfies the conditions of log concave and log convex. That is the sequence 
Gn is log concave and the sequence b,, is log convex. 

Theorem 2.3. For n > 0, ao < bo, then the sequences an41 = A(@n, bn) and br4i = 
G(an,b,) are respectively log concave and log convex. 

Proof. Consider 


2 Gee tebe an + by 
Qn — An—-149n4+1 = 2 An-1 2 


on substituting and using the fact A(a,b) > G(a,b), from (5) the above expression leads to 


1 me by= 
DY (0-1 (2p) — an-1V naib) < 0, 


this proves that 


i > An414An—-1,; (11) 


again consider 
2 
by, a bn—1bn41 = An—1bn—1 _ bn—1 V anbn 


on substituting and using the fact A(a,b) > an—1,G(a,b) > an—1, the above expression leads 


n-141 bn— 
Bn-1 (10 YE : 2 : Vari] < 0, 


be bead bat (12) 


to 


this proves that 


Thus the (11) and (12) satisfies the conditions of log concave and log convex. That is the 


sequence a,, is log concave and the sequence b,, is log convex. 
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81. Introduction 


In 1980, Joseph and Kwack introduced the notion of (6, s)-continuous functions. In 1982, 
Jankovic introduced the notion of almost weakly continuous functions. In 1996, Dontchev intro- 
duced contra-continuous functions. C. W. Baker defined Subcontra-continuous functions in 1998 
and contra almost @—continuous functions in 2006. Dontchev, Ganster and Reilly introduced 
regular set-connected functions and Dontchev and T. Noiri introduced Contra-semicontinuous 
functions in 1999. S. Jafari and T. Noiri introduced and studied Contra-super-continuous 
functions and Jafari introduced the notion of (p, s)-continuous functions in 1999; Contra- 
a—continuous functions in 2001 and contra-precontinuous functions in 2002. M. Caldas and 
S. Jafari studied Some Properties of Contra-G—Continuous Functions in 2001. T. Noiri and 
V. Popa studied unified theory of contra-continuity in 2002, Some properties of almost contra- 
precontinuity in 2005 and unified theory of almost contra-continuity in 2008. E. Ekici introduced 
Almost contra-precontinuous functions in 2004 and recently have been investigated further by 
Noiri and Popa. A. A. Nasef studied some properties of contra-y—continuous functions in 
2005. M. K. R. S. Veera Kumar introduced Contra-Pre-Semi-Continuous Functions in 2005. 
Ekici E., introduced Almost contra-precontinuous functions and studied another form of contra- 
continuity in 2006. During 2007, N. Rajesh studied total w—Continuity, Strong w—Continuity 
and contra w—Continuity. Recently, Ahmad Al-Omari and Mohd. Salmi Md. Noorani studied 
Some Properties of Contra-b-Continuous and Almost Contra-b-Continuous Functions in 2009 
and Jamal M. Mustafa introduced Contra Semi-I-Continuous functions in 2010. Inspired with 
these developments, we introduce a new class of functions called contra v—continuous functions. 
Moreover, we obtain basic properties, preservation theorem of contra v—continuous function 
and relationship with other types of functions are verified. 
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§2. Preliminaries 


Definition 2.1. A C X is said to be 
(i) regular open [pre-open; semi-open; a-open; (-open] if A = (A)°[A C (A)°; A C (A?2); 


A C ((A°))°; A C ((A)?)] and regular closed [pre-closed; semi-closed; a-closed; (-closed] if 


A = AD[(A%) CA; (A)? C A; ((A)*) © A; (4%)? € Al 

(ii) v—open [ra—open] if there exists a regular open set O such thatO C AC O[OC Ac 
a(O)}. 

(iii) 0-semi-closed if A = sClg(A) = {wv € X:VNAFG, VV € SO(X,xz)}; sClo(A) is 
6-semi-closure of A. The complement of a 6-semi-closed set is said to be 6-semi-open. 

(iv) v-dense in X if v(A) = X. 

(v) 6-closed if A = Clg(A). The complement of a 6-closed set is said to be 6-open. 


Remark 1. We have the following implication diagrams for closed sets. 


/ ra—open — v—open \, 
Regular open — open — a—open — semi open — G—open 


~ 
pre-open 

Definition 2.2. A cover © = {U, : a € I} of subsets of X is called a v—cover if Ug is 
v—open for each a € I. 

Definition 2.3. A filter base A is said to be y—convergent (resp. rc-convergent) to a point 
«x in X if for any U € vO(X,x)(resp. U € RC(X, x)), there exists a Be A such that BC U. 

Definition 2.4. A function f: X — Y is called 

(i) almost-[resp: almost-semi-; almost-pre-;almost-ra—; almost-a—; almost-3—; almost- 
w—; almost-pre-semi-; almost-A—|continuous if f~ '(V) is open [resp: semi-open; pre-open;ra—open; 
a—open; G—open; w—open; pre-semi-open; A—open] in X VV € RO(Y). 

(ii) contra-[resp: contra-semi-; contra-pre-;contra-r-;contra-ra—; contra-a—; contra-b—; 
contra-w—; contra-pre-semi-; contra-v—|continuuos if f-'(V) is closed [resp: semi-closed; pre- 
closed; regular-closed; ra—closed; a—closed; 3—closed; w—closed; pre-semi-closed; v—closed] in 
X VV Eo. 

(iii) regular set-connected if inverse image of every regular open set V in Y is clopen in X. 

(iv) perfectly continuous if inverse image of every open set V in Y is clopen in X. 

(v) almost s-continuous if for each 2 € X and each V € SO(Y) with f(x) © V, there exists 
an open set U in X containing x such that f(U) C scl(V). 

(vi) M-v—open if image of each v—open set is y—open. 

(vii) (v, s)-continuous if for each « € X and each V € SO(Y,f(x)), JU € vO(X,x) 5 
fU) CV. 

(viii) weakly continuous if for each « € X and each V € (a(Y), f(x)), JU € (7(X),x)3 
fU) CV. 

(ix) (0, s)-continuous iff for each 6-semi-open set V of Y , f-'(V) is open in X. 


(x) faintly v—continuous if for each « € X and each 6-open set V of Y containing f(x), 
JU € vO(X,2)| > fU) CY. 
Definition 2.5. A space X is said to be 
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(i) strongly compact [resp:strongly Lindelof] if every preopen cover of X has a finite [resp: 
countable] subcover and P-closed [resp: P-Lindelof] if every preclosed cover of X has a finite 
[resp:countable] subcover. 

(ii) strongly countably compact if every countable cover of X by preopen sets has a finite 
subcover and countably S-closed [resp:countably P-closed] if every countable cover of X by 
regular closed |resp: preclosed] sets has a finite subcover. 

(iii) mildly compact (mildly countably compact, mildly Lindelof) if every clopen cover 
(respectively, clopen countable cover, clopen cover) of X has a finite (respectively, a finite, a 
countable) subcover. 

(iv) S-closed [resp: S-Lindelof] if every regular closed cover of X has a finite [resp:countable] 
subcover and nearly compact [resp:nearly Lindelof] if every regular open cover of X has a finite 
[resp: countable] subcover. 

v) v—connected provided that X is not the union of two disjoint nonempty v—open sets. 
vi) v—ultra-connected if every two non-void v—closed subsets of X intersect. 


vii) hyperconnected if every open set is dense. 


ee ee 


viii) weakly Hausdorff if each element of X is an intersection of regular closed sets. 
(ix) vy —Tp if for each pair of distinct points in X, there exists a v—open set of X containing 
one point but not the other. 
(x) vy — Ty [resp: v — T2] if for each pair of distinct points x and y of X, there exist [resp: 
disjoint] v—open sets U and V containing x and y respectively such that y g U and a ¢ V. 
(xi) almost regular if for each regular closed set F of X and each x € X — F, there exists 
disjoint open sets U and V of X such that x © U and F CV. 
(xii) extremally disconnected (briefly E.D.) if the closure of every open set of X is open in 
Xx. 
Lemma 2.1. If V is an open [r-open] set, then 
(i) sC1(V) = Int(C1(V)). 
(ii) sClg(V) = sCl(V). 
(iii) If BC AC X and A€ RO(X), then v4(B) C vB. 
Lemma 2.2. For V CY, the following properties hold: 
(i) aV = V for every V € B(Y). 
(ii) vV = V for every V € SO(Y). 
(iii) sV = (V)° for every V € RO(Y). 
Lemma 2.3. For f: X — Y, the following properties are equivalent: 
(i) f is faintly-v—continuous. 
(ii) f '(V) € vO(X) for every 6-open set V of Y. 
(iii) f- '(K) is v—closed in X for every 6-closed set K of Y. 
Lemma 2.4. fis al.v.c. iff¥ x € X andeach V € RO(Y, f(z)), JU € vO(X, x) 3 f(U) CV. 
Definition 2.6. For a function f: X - Y, 
(i) The subset {(a, f(z)) : « © X} C X xY is called the graph of f and is denoted by G(f). 
(ii) A graph G(f) of a function fis said to be y—regular if for each (x,y) € (X x Y) — G(f), 
U €vC(X,x) and V € RO(Y,y) 3 (Ux V)N Gf) = ¢. 
Lemma 2.5. The following properties are equivalent for a graph G(f) of a function: 
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(i) G(f) is v—regular; 
(ii) for each point (x,y) € (X xY)—G(f), JU € vC(X,x) andV € RO(Y,y) 3 fU)NV = ¢. 


§3. Almost contra v-continuous maps 


Definition 3.1. A function f: X — Y is said to be 

(i) almost contra v—continuous at x if for each regular closed set F' in Y containing f(x), 
there exists a y—open set U in X containing x such that f(U) C F. 

(ii) almost contra y—continuous if the inverse image of every regular-open set is v—closed. 

Note 1. Here after we call almost contra y—continuous function as al.c.v.c function shortly. 

Example 1. (i) X = Y = {a,b,c};7 = {¢, {a}, {b}, {a, b}, X} and o = {¢, {a}, {b,c}, Y}. 
Let f be identity function, then f is al.c.v.c. 

(ii) f: on ¥# defined by f(x) = [x], where [x] is the Gaussian symbol; is al.c.v.c; al.c.s.c. but 
not al.c.c; r-irreslute and c.r.c. 

Example 2. (i) X = Y = {a,b,c};7 = {¢, {a}, {a,b}, X} and o = {¢, {a}, {d}, {a, b}, VY}. 
Let f be identity function, then f is al.c.ra.c. but not al.c.v.c. 

(ii) The identity function on R with usual topology is not al.c.v.c and al.c.s.c. but it is 
al.c.c;c.c; c.r.c. and r-irresolute. 

Theorem 3.1. (i) fis al.c.v.c iff Ff. '(U) € vO(X) whenever U € RC(Y). 

(ii) If fis c.v.c., then fis al.c.v.c. Converse is true if X is discrete space. 

Theorem 3.2. (i) fis al.c.v.c. iff for each « € X and each Uy € vO(Y, f(x)), 3A € vO(X) 
> a€Aand f(A) C Uy. 

(ii)fis al.c.v.c. iff for each « € X and each V € RO(Y, f(x)), JU € vO(X, x) 3 f(U) CV. 

Proof. Let Uy € RC(Y) and let x € f-'(Uy). Then f(x) € Uy and thus 3 A, € vO(X) 
>a € A, and f(Az) C Uy. Then x € Ay C f (Uy) and f-'(Uy) = UA,. Hence f (Uy) € 
vO(X). 

Remark 2. We have the following implication diagram for a function f: (X,7) — (Y,c) 


/ al.c.rac. > al.c.u.c\, 


r-irresolute — al.c.c. — al.c.a.c. — al.c.s.c. — al.c.@.c. 


\ 


al.c.p.c. 

Example 3. Let X = Y = {a,b,c};7 = {¢, {b}, {a, b}, {b,c}, X} and o = {¢, {a}, {b}, {a, 
b}, {a,c}, Y}. The identity function fis not al.c.c., al.c.s.c., al.c.p.c., al.c.a.c., al.c.ra.c., al.c.@.c., 
al.c.v.c., contra r-irresolute and r-irresolute and f defined as f(a) = f(b) = a; f(c) = c is 
al.c.c., al.c.s.c., al.c.p.c., al.c.a.c., al.c.@.c., but not al.c.v.c., al.c.ra.c., contra r-irresolute and 
r-irresolute. 

Example 4. Let X = Y = {a,b,c};7 = {¢, {a}, {b}, {a, b}, X} and o = {¢, {a}, {b}, {a, b}, 
{a,c},Y}. The identity function f is al.c.s.c., al.c.a.c., al.c.ra.c., al.c.Z.c., al.c.v.c., but not 
al.c.c.., al.c.p.c., contra r-irresolute and r-irresolute. Under usual topology on # both al.c.c. 
and r-irresolute are same as well both al.c.s.c. and al.c.v.c are same. 


Theorem 3.3. If fis y—open and al.c.v.c, then f~!(U) is v—closed if U is v—open in Y. 
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Proof. Let U be yv—-open in Y. Then IV € RO(Y) SV CU CV. VE RO(Y) = Ve 
vO(Y) > f-'(V) € vC(X) and f-1(V) C f-1(U) C f-1(V) = fo'U) is v—closed. 

Theorem 3.4. Let f be al.c.v.c and r-open, then 

(i) f-1(A) € SO(X) [f7'(A) € SC(X)] for each A € SC(Y) [A € SO(Y)]. 

(ii) f(A) € RO(X) [f-'(A) € RC(X)] for each A € RC(Y) [A € RO(Y)]. 

(iii) If fis r-open and r-irresolute, then f~1(U) € vC(X) for each U € vO(Y). 

Theorem 3.5. Let f, : X; — Y; be al.c.v.c for 1 = 1,2. Let f: X, x Xo — Y, x Yo be 
defined as follows: f(x1,22) = (f, (21), fo(@2)). Then f: X1 x Xo — Y1 x Yo is al.c.v.c. 

Proof. Let U, x Uz C Y, x Y2 where U; be regular open in Y; for i = 1,2. Then 
f- (U1 x Us) = fr'((i) x fy '(Ue2). But f7*(U1) and fy'(Uz) are v—closed in X;, and X>2 
respectively and thus f; ‘(U1) x fz (U2) is v—closed in X, x X2. Therefore fis al.c.v.c. 

Theorem 3.6. Let h: X — X, x X2 be al.c.v.c, where h(x) = (hi(x), ho(ax)). Then 
h,: X — X; is al.c.v.c for 1 = 1,2. 

Proof. Let U, is regular open in X;. Then U, x X is regular open in X, x X2, and 
h-1(U, x X2) is v—closed in X. But hy'(U,) = h7!(U, x X2), therefore h, : X > X, is al.c.v.c 
Similar argument gives hg: X — Xq is al.c.v.c and thus h; : X — X; is al.c.v.c for i = 1,2. 

In general we have the following extenstion of Theorem 3.5 and 3.6: 

Theorem 3.7. (i) If f: X — IY) is al.c.v.c, then P, of: X — Y) is al.c.v.c for each 
» € A, where P) is the projection of ITY, onto Y). 

(ii) f: ILX) — ITY) is al.c.v.c, iff fy : X) — Yy is al.c.v.c for each A € A. 

Note 2. Converse of Theorem 3.7 is not true in general, as shown by the following example. 

Example 5. Let X = X; = X2 = [0,1]. Let f; : X — Xj, be defined as follows: f,(a) = 1 
f0<a< 4 and f(a) = 0 if 4 <a<1l. Let fo: X — X2 be defined as follows: fo(x) = 1 if 
O<a<jgand fo(z) =0if } <a <1. Then f;: X > X; is clearly al.c.v.c for i = 1,2, but 
A(x) = (f, (#1), fa(w2)) : X > Xy x Xp is not al.c.v.c, for Si (1,0) is regular open in X) x Xo, 
but A7*(S1(1,0)) = {$} which is not v—closed in X. 

Remark 3. In general, 

(i) The algebraic sum and product of two al.c.v.c functions is not al.c.v.c However the 
scalar multiple of a al.c.v.c function is al.c.v.c. 

(ii) The pointwise limit of a sequence of al.c.v.c functions is not al.c.v.c as shown by. 

Example 6. Let X = X; = X2 = [0,1]. Let f, : X — X, and fo: X — Xo are defined 
as follows: fi(v) = « if0 < a < § and fi(x) =O0if $ <a <1; fo(x) =0if0 <a < } and 
fe) =1itZ<e¢<1. 

Example 7. Let X = Y = [0,1]. Let f, is defined as follows: f,(x) = ¢» for n > 1 then 
fis the limit of the sequence where f(x) =0 if0<a< land f(x) =1 if x =1. Therefore f is 
not al.c.v.c For (4, 1] is open in Y, f'(G: 1]) = (1) is not v—closed in X. 

However we can prove the following theorem. 

Theorem 3.8. Uniform Limit of sequence of al.c.v.c. functions is al.c.v.c. 

Problem. (i) Are sup{f, g} and inf{f, g} are al.c.v.c if f, g are al.c.v.c. 

(ii) Is Cate.v.c(X, R), the set of all al.c.v.c functions. 

(1) a Group. 

(2) a Ring. 
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3) 

4) a Lattice. 

iii) Suppose f,: X — X;(i = 1,2) are alcv.clf f: X — X, x Xe defined by f(x) = 
,fo(x)), then f is al.c.v.c. 

Solution. No. 


a Vector space. 


ee ee 


(f(z 


Note 3. In general al.c.c., al.c.a.c. and al.c.p.c. are independent of al.c.v.c as shown by 
Example 1 and 3. 

Theorem 3.9. (i) If fis y—irresolute and g is al.c.v.c, then go fis al.c.v.c. 

(ii) If fis al.c.v.c and g is continuous [resp: r-continuous] then go f is al.c.v.c. 

(iii) If fand g are r-irresolute then go fis v—continuous. 

(iv) If fis al.c.v.c and g is r-irresolute, then go f is al.c.v.c; al.c.s.c and al.c./.c. 

(v) If fis al.c.v.c[contra r-irresolute] g is al.g.c.[al.rg.c] and GO(Y) = RGO(Y) = RO(Y), 
then go fis al.c.v.c. 

Theorem 3.10. If fis v—irresolute, y—open and vO(X) = 7 and g be any function, then 
gof:X > Zisc.v.c iff g is al.c.v.c. 

Proof. If part: Theorem 3.9 only if part: Let A € RC(Z). Then (go f)~1(A) is a v—open 
and hence open in X [by assumption]. Since f is y—open f(go f)~'(A) = g-+(A) is v—open in 
Y. Thus g: Y > Z is al.c.v.c. 

Corollary 3.1: (i) If fis a surjective M-v—open |resp: M-v—closed] and g is a function 
such that go fis al.c.v.c., then g is al.c.v.c. 

(ii) If fis v—irresolute, M-v—open and bijective, g is a function. Then g is al.c.v.c. iff gof 
is al.c.v.c. 

Theorem 3.11. If g: X — X x Y, defined by g(x) = (a, f(a))Va € X be the graph 
function of f. Then g is al.c.v.c iff fis al.c.v.c. 

Proof. Let V € RC(Y), then X x V=X x V9 = X9x V9 =(X x V)9 © RC(X x Y). 
Since g is al.c.v.c., then f-'(V) = g7!(X x V) € vO(X). Thus, f is al.c.v.c. 

Conversely, let « € X and F € RC(X x Y) containing g(x). Then FN ({x} x Y) is r-closed 
in {x} x Y containing g(x). Also {#} x Y is homeomorphic to Y. Hence {y € Y : (a, y) € F} 
is r-closed subset of Y. Since f is al.c.v.c. Uff '(y) : (x,y) € F} is v—open in X. Further 
x €U{f '(y): (2, y) € F} C g-1(F). Hence g~!(F) is v—open. Thus g is al.c.v.c. 


Remark 4. In general, composition of two al.c.v.c functions is not al.c.v.c. However we 


have the following example: 

Example 8. Let X = Y = Z = {a,b,c} andr = {4, {a}, {b}, {a, b}, X}; o = {¢, {a}, {b,c}, 
Y}, and 7 = {¢, {a}, {b}, {a, b}, Z}. Let f be identity map and g be be defined as g(a) = a= 
g(b); g(c) = c; are al.c.v.c and go fis also al.c.v.c. 

Theorem 3.12. Let X,Y,Z be spaces and every v—closed set be r-open in Y, then the 
composition of two al.c.v.c maps is al.c.v.c. 

Corollary 3.2. If fis al.c.v.c [r-irresolutel], 

(i) g is al.c [r-continuous], then go fis al.c.s.c. and hence al.c.(.c. 

(ii)g is al.g.c.{al.rg.c.} and Y is r — Ti, then go fis al.c.s.c. and hence al.c..c. 

Theorem 3.13. (i) If RaC(X) = RC(X) then f is al.c.ra.c. iff f is contra r-irresolute. 

(ii) If RaC(X) = vC(X) then f is al.c.ra.c. iff f is al.c.v.c. 
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iii) If vC(X) = RC(X) then f is r-irresolute iff f is al.c.v.c. 
iv) If vC(X) = aC(X) then f is al.c.a.c. iff f is al.c.v.c. 

v) If vC(X) = SC(X) then f is al.c.s.c. iff f is al.c.v.c. 

vi) If vC(X) = BC(X) then f is al.c.f.c. iff f is al.cv.c. 


Note 4. Pasting Lemma is not true with respect to al.c.v.c functions. However we have 


( 
( 
( 
( 


the following weaker versions. 

Theorem 3.14. Let X and Y be such that X = AUB. Let f)4: A> Y and g)pg: BY 
are r-irresolute functions such that f(x) = g(#)Vz € AN B. Suppose A and B are r-closed sets 
in X and RC(X) is closed under finite unions, then the combination a: X — Y is al.c.v.c. 

Theorem 3.15. Pasting Lemma. Let X and Y be such that X = AUB. Let fra: A-~Y 
and g/g : B + ¥ are al.c.v.c maps such that f(x) = g(x) Vz € ANB. Suppose A, B are r-closed 
sets in X and vC(X) is closed under finite unions, then the combination a: X — Y is al.c.v.c. 

Proof. Let F be r-open set in Y, then a~!(F) = f-'(F)Ug7!(F) where f-'(F) is v—closed 
in A and g~!(F) is v—closed in B > f-'(F) and g~!(F) are v—closed in X > f-'(F)Ug"!(F) 
is v—closed in X[by assumption] > a~!(F) is v—closed in X. Hence a is al.c.v.c. 

Theorem 3.16. The following statements are equivalent for a function f: 

(i) fis al.c.v.c.; 

(ii) f 1(F) € vO(X) for every F € RC(Y); 

(iii) for each a € X and each regular closed set F in Y containing f(x), there exists a 
v—open set U in X containing x such that f(U) C F; 

(iv) for each x € X and each regular open set V in Y non-containing f(x), there exists a 
v—closed set K in X non-containing x such that f-'(V) C K; 

(v) f- *((G)?) € vC(X) for every open subset G of Y; 

(vi) f- \(F?) € vO(X) for every closed subset F of Y. 

Proof. (i) © (ii): Let F € RC(Y). Then Y — F € RO(Y). By (i), f '(Y — F) = 
X —f-'(F) € vC(X). We have f-'(F) € vO(X). Reverse can be obtained similarly. 

(ii) (iii): Let F € RC(Y,f(x)). By (ii), « € f/'(F) € vO(X). Take U = f-'(F). Then 
KU) CF. 

(iii) (ii): Let F € RC(Y) and « € f-+(F). From (iii), JU, € vO(X,2) 3U Cf \(F). 
We have f-1(F) = Uep-1(p) Ue. Thus f-'(P) is v—open. 

(iii)(iv): Let V € RO(Y) not containing f(x). Then, Y —V € RC(Y,f(x)). By (3), J 
U €vO(X,x) 3 f(U) CY—-V. Hence, U cf 1(Y—-V) Cc X—-f''(V) and then f 1(V) C X-U. 
Take H = X —U, then H is v—closed in X non-containing x. The converse can be shown easily. 

(i)(v): Let G € o(Y). Since (G)° € RO(Y), by (i), f-'((G)°) C vC(X). The converse 
can be shown easily. 


(ii)(vi): It can be obtained smilar as (i)@(v). 

Example 9. Let X = {a,b,c},7 = {¢, {a}, {b}, {a, b}, X} =o. Then the identity function 
f:X — X is al.c.v.c. But it is not regular set-connected. 

Example 10. Let X = {a,b,c},7 = {¢, {a}, X} and o = {¢, {a}, {a,b}, X}. Then the 
identity function fon X is al.c.v.c. but not c.v.c. and v.c. 

Theorem 3.17. Let fbe al.c.v.c and A € RC(X), then f,4: A — Y is al.c.v.c. 

Proof. Let V € RO(Y) => fraV) = f~*(V) NA is v—closed in A. Hence f/, is al.c.v.c. 
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Remark 5. Every restriction of an al.c.v.c. function is not necessarily al.c.v.c. 

Example 11. Let X = {a,b,c,d},7 = {¢, {a,b}, X} and o = {4¢, {a}, {b, c,d}, X}. The 
identity function f: X — X is al.c.v.c., but, if A = {a,c,d} is not regular-open in (X,c) and 
oa is the relative topology on A induced by a, then fi, : (A,aa) — (X,7) is not al.c.v.c. 

Note that {b, c, d} is regular closed in (X,7), but that fia (48, c,d}) = {c,d} is not v—open 
in (A, oa). 

Theorem 3.18. Let f be a function and © = {U,: a € I} be a v—cover of X. If for each 
ae€T, fiy, is ale.v.c., then fis an al.c.v.c. function. 

Proof. Let F € RC(Y). fu, is al.c.v.c. for each a € J, fv, (F) € vOy,. Since 
Uy. € vO(X), by the previous lemma, fu. F) € vO(X) for each a € I. Then f-'(F) = 
User fu, (F) € vO(X). This gives f is an al.c.v.c. 

Theorem 3.19. Let f be a function and x € X. If there exists U € vO(X) 3 « € U and 
the restriction of fiy is al.c.v.c. at x, then fis al.c.v.c. at x. 

Proof. Suppose that F ¢ RC(Y) containing f(x). Since fi, is al.c.v.c. at x, IV € 
vOlU, 2) 3 f(V) = (fiu)(V) C F. Since U € vO(X, x); then V € vO(X,x). Thus f is al.c.v.c. 
at xX. 


Theorem 3.20. For f and g, the following properties hold: 

(i) If f is al.c.v.c. and g is regular set-connected, then go fis al.c.v.c. and al.v.c. 

(ii) If f is al.c.v.c. and g is perfectly continuous, then go fis y—continuous and c.v.c. 

Proof. (i) LetV € RO(Z). Since g is regular set-connected, g~!(V) is clopen. Since f is 
al.c.v.c., f(g 1(V)) = (go f)1(V) is v—clopen. Therefore, go fis al.c.v.c. and al.v.c. 

(ii) can be obtained similarly. 

Theorem 3.21. If fis r-irresolute and al.c.c., then f is regular set-connected. 

Theorem 3.22.If fis al.c.v.c., then for each point « € X and each filter base A in X 
v—converging to x, the filter base f(A) is rc-convergent to f(x). 

Theorem 3.23. For f, the following properties are equivalent: 

(i) f is (v, s)-continuous; 

(ii) fis al.c.v.c.; 

(iii) f- '(V) is v—open in X for each 6-semi-open set V of Y; 

(iv) f-'(F) is v—closed in X for each 6-semi-closed set F of Y. 

Proof. (i)=(ii): Let F € RC(Y) and x € f-'(F). Then f(z) € F and F is semi-open. 
Since f is (v, s)-continuous, JU € vO(X,x) 3 f(U) C F = F. Hence x € U C f-'(F) which 
implies that a € v(f-'(F))°. Therefore, f-'(F) Cc v(f-1(F))° and hence f-'(F) = v(f-'(F))?®. 
This shows that f-'(F) € vO(X). Hence f is al.c.v.c. 


(ii) (iii): Follows from the fact that every 0-semi-open set is the union of regular closed 


sets. 
(iii) (iv): This is obvious. 
(iv) > (i): Let 2 € X and V € SO(Y,f(z)). Since V is regular closed, it is 6-semi-open. 
Now, put U = f-'(V). Then U € vO(X, 2x) and f(U) C V. This shows that f is (v, s)-continuous. 
Theorem 3.24. For f, the following properties are equivalent: 
(i) f is al.c.v.c.; 


(ii) f(v(A)) C sClo(f(A)) for every subset A of X; 


90 S. Balasubramanian and P. A. S. Vyjayanthi No. 2 


(iii) v(f-'(B)) C f-'(sClg(B)) for every subset B of Y. 

Proof. (i)=> (ii): Let A be any subset of X. Suppose that 2 € v(A) and G € SO(Y, f(z). 
Since f is al.c.v.c., by Theorem 3.23, SU € vO(X,x) 3 f(U) C G. Since x € v(A), UNA F ¢; and 
hence ¢ 4 f(U)N f(A) C Gn f(A). Therefore, f(z) € sCl(f(A)) and hence f(v (4) C sClo(f(A)). 

(ii) +(iii): Let B be any subset of Y. Then f(v(f-'(B))) C sClo(ff '(B))) C sClo(B) 
and hence v(f~'(B)) C f-'(sClg(B)). 

(iii) (i): Let V € SO(Y, f(z)). Since Vn (Y — V) = 4, we have f(x) ¢ sClo(Y — V) and 
hence a ¢ f-1(sClg(Y — V)). By (3), « Zv(f-'(Y —V)), then JU € vO(X,2) sUNft(Y —- 
V) = ¢; hence f(U) N(Y — V) = ¢. This shows that f(U) Cc V. Therefore f is al.c.v.c. 


Theorem 3.25. For f, the following properties are equivalent: 


(i) fis al.c.v.c.; 

(ii) f-1(V) is v—open in X for every V € B(Y); 

(iii) f-'(V) is v—open in X for every V € SO(Y); 

(iv) f-*((V)°) is v—closed in X for every V € RO(Y). 

Proof. (i) = (ii): Let V be any (-open set of Y. It follows from Theorem 2.4 of [2] that 
V is regular closed. Then by Theorem 3.16, f-'(V) € vO(X). 

(ii) = (iii): This is obvious since SO(Y) C B(Y). 

(iii) > (iv): Let V € RO(Y). Then Y —(V)? is regular closed and hence semi-open. Then, 
X= f(V)) = PUY = (V)) = FU — (V))) € vO(X). Hence f'((V)) € vC(X). 

(iv) > (i): Let V € RO(Y). Then V € vO(Y) and hence f-'(V) = f-'((V)?) € vC(X). 

Corollary 3.3. For f, the following properties are equivalent: 

(i) f is al.c.v.c.; 

(ii) f ‘(aV) is v—open in X for every V € B(Y); 

(iii) f- '(vV) is v—open in X for every V € SO(Y); 

(iv) f-‘(sV) is v—closed in X for every V € RO(Y). 

Proof. This is an immediate consequence of Theorem 3.25 and Lemma 2.2. 

The v—frontier of A CX; is defined by vFr(A) = v(A) — v(X — A) = (A) — v(A)?. 


Theorem 3.26. For f, the following conditions are equivalent: 


) f is aleve; 


ii) VV) SF MsClol 


(i 

( C f “(sClg(V)) for every open subset V of Y; 
(iii) v(f (V)) '(V)) C f-+(s(V)) for every open subset V of Y; 

( s 

(v 


po 
fp 
iv) v(f-1(V)) Cf 1((V)2) for every open subset V of Y; 
) fF 1(V))° Cf 1((V)°) for every open subset V of Y. 

Proof. (i)=(ii) follows from Theorem 3.24(c). 

(ii) (iii) follows from Lemma 2.1 (ii). 

(iii) (iv) follows from Lemma 2.1 (iii). 

(iv) +(v). Since v(f-"(V)) = f- 1(V) U(f (V))?), it follows from (iv) that (f-'(V))?) C 
Fv): 

(v) >(i). Let V € RO(Y). Then by (v), (f'(V))*) C f-*((V)?) = f°'(V). Therefore 
f-'(V) is v—closed, which proves that f is al.c.v.c. 


The next result is an immediate consequence of Theorems 3.24 and 3.26. 
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Theorem 3.27. Let f be a function and let S be any collection of subsets of Y containing 
the open sets. Then f is al.c.v.c. iff v(f-1(S)) (S)) C f-*(sClg(S)) for every S € S. 

Corollary 3.4. For f, the following properties are equivalent: 

(i) f is al.c.v.c.; 

(ii) vf *(V)) Cf *(sClo(V)) for every V € SO(Y); 

(iii) v(f- 1(V)) C f-'(sClg(V)) for every V € PO(Y); 

(iv) u(f 1(V)) C C f-'(sCle(V)) for every V € BO(Y). 

Theorem 3.28. {x © X : f: X > Y is not al.c.v.c.} is identical with the union of the 
v—frontier of the inverse images of regular closed sets of Y containing f(z). 

Proof. Suppose that f is not al.c.v.c. at « © X. By Theorem 3.16, J F € RC(Y, f(x) 5 
RU) O(Y — F) F ¢ for every U € vO(X,x). Then, ¢ € v(f"(Y — F)) = o(X —-f'(F)). On 
the other hand, we get « € f-'(F) C v(f-'(F)) and hence x € vFr(f-'(F)). 

Conversely, suppose that f is al.c.v.c. at x and let F € RC(Y,f(x)). By Theorem 3.16, 
there exists U € vO(X,2) > x €U Cf '(F). Therefore, x € v(f-'(F))°. This contradicts that 
a €vFr(f-'(F)). Thus f is not al.c.v.c. 

Theorem 3.29. If fis al.c.v.c. and Y is To, then G(f) is y—regular graph in X x Y. 

Proof. Assume Y is Tz. Let (x,y) € (X x Y) — G(/). It follows that f(x) # y. Since 
Y is To, there exist disjoint open sets V and W containing f(x) and y, respectively. We have 
((V)°) N ((W)°) = @. Since f is al.c.v.c., f-'((V)°) is v—closed in X containing x. Take 
U =f '((V)°). Then f(U) c ((V)?). Therefore, f(U) 9 ((W)°) = ¢ and G(f) is v—regular in 
XxX Y. 


Remark 6. al.v.c. and al.c.v.c. are independent to each other. 


It is shown that Clg(V) = V for every open set V and Clo($) is closed for every subset S 
of X. 

Theorem 3.30. Let (Y,0) be E.D. Then, a function fis al.c.v.c. iff it is al.v.c. 

Proof. Necessity. Let x € X and V € RO(Y,f(x)). Since Y is E. D., by Lemma 5.6 of 
[26] V is clopen and hence V is regular closed. By Theorem 3.16, there exists U € vO(X,x) 3 
fU) CV. By Lemma 2.4, f is al.v.c. 

Sufficiency. Let F be any regular closed set of Y . Since (Y,c) is E. D., F is also regular 
open and f-'(F) is v—open in X. This shows that f is al.c.v.c. 


84. The preservation theorems and some other properties 


Theorem 4.1. If fis al.c.v.c.[resp: al.c.r.c] surjection and X is y—compact, then Y is 
nearly closed compact. 

Proof. Let {G; : i € I} be any regular-closed cover for Y. Since f is al.c.v.c., {f-'(G;)} 
forms a vy—open cover for X and hence have a finite subcover, since X is y—compact. Since f 
is surjection, Y = f(X) = U;_, Gi. Therefore Y is nearly closed compact. 

Corollary 4.1. If fis al.c.v.c.[r-irresolute], surjection, then the following statements hold: 

(i) If X is locally v—compact, then Y is locally nearly closed compact; locally mildly 
compact. 
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(ii) If X is y—Lindeloff [locally v—lindeloff], then Y is nearly closed Lindeloff [resp: locally 
nearly closed Lindeloff; locally mildly lindeloff]. 

(iii)If X is y—compact [countably v—compact], then Y is S-closed [countably S-closed]. 

(iv) If X is y—Lindelof, then Y is S-Lindelof [nearly Lindelof]. 

(v) If X is v—closed [countably v—closed], then Y is nearly compact [nearly countably 
compact]. 

Theorem 4.2. If fis contra r-iresolute and al.c., surjection and X is mildly compact (resp. 
mildly countably compact, mildly Lindelof), then Y is nearly compact (resp. nearly countably 
compact, nearly Lindelof) and S-closed (resp. countably S-closed, S-Lindelof). 

Proof. Since f is contra r-iresolute and al.c., for {Vq : a € I} be any regular closed (resp: 
regular open) cover of Y, {f7 ae : a € I} isaclopen cover of X and since X is mildly compact, 
Ja finite subset Ip of 13 X = U{f'(Va) : a € In}. Since f is surjective, Y = {Va : a € Ip}. 
Hence Y is S-closed (resp: nearly compact). The other proofs can be obtained similarly. 


Theorem 4.3. If fis al.c.v.c., surjection and 

(i) X is y—compact [v—lindeloff] then Y is mildly closed compact [mildly closed lindeloff]. 

(ii) X is s-closed then Y is mildly compact [mildly lindeloff]. 

Theorem 4.4. If X is v—ultra-connected and f is al.c.v.c. and surjective, then Y is 
hyperconnected. 

Proof. If Y is not hyperconnected. Then JV € 0 3 V 4 Y. Then J disjoint non- 
empty regular open subsets B, and By in Y. Since f is al.c.v.c. and onto, A; = f-'(B,) and 


Ag =f. (Bo) are disjoint non-empty v—closed subsets of X. By assumption, the v—ultra- 
connectedness of X implies that A; and A» must intersect, which is a contradiction. Therefore 
Y is hyperconnected. 

Theorem 4.5. If fis al.c.v.c.[contra v—irreolute] surjection and X is y—connected, then 
Y is connected [v—connected]. 

Proof. If Y is disconnected. Then Y = VjUV2 and Vj NV2 = ¢. Since f is al.c.v.c., f-'(Vi) 
and f-'(V2) are disjoint y—open sets in X and X = f-'(V,) Uf-'(V2), which is a contradiction 
for y—connectedness of X. Hence Y is connected. 

Corollary 4.2. The inverse image of a disconnected [v—disconnected] space under a 
al.c.v.c.[contra v—irreolute] surjection is y—disconnected. 

Theorem 4.6. If fis al.c.v.c., injection and 

(i) Y is UT;, then X is v — T; [hence semi-T; and 6 — T;], i = 0,1, 2. 

(ii) Y is UR;, then X is vy — R; [hence semi-R; and 6 — R;], i = 0,1. 

(iii) If fis closed and Y is UT;, then X is v — T; [hence semi-T; and 6 — Tj], i = 3,4. 

(iv) Y is UC;[resp : UD,] then X is y—T;|resp: v — Dj], hence X is semi-T; [resp: semi-Dj] 
and 6 — T; [resp: 3 — Dj], i = 0,1, 2. 

Theorem 4.7. If fis al.c.v.c.[resp: al.c.r.c] and Y is UT», then the graph G(f) of f is 
v—closed in the product space X x Y. 

Proof. Let (1,22) ¢ G(f) > y 4 f(x) => J disjoint clopen sets V and W 3 f(x) € V and 
ye W. Since f is al.c.v.c., JU € vO(X) 3 x € U and f(U) C W. Therefore (z,y) eU x VC 
X x Y —G(jf). Hence G(f) is v—closed in X x Y. 
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Corollary 4.3. If fis al.c.v.c. and Y is UT, then the graph G(f) of f is semi-closed [resp: 
3—closed and semi-6-closed] in the product space X x Y. 

Theorem 4.8. If fis al.c.v.c.[al.c.r.c] and Y is UT», then A = {(%1, 2)|f(z1) = f(x2)} is 
v—closed[and hence semi-closed and —closed] in the product space X x X. 

Proof. If (x1, 22) € X x X — A, then f(x1) 4 flze) > A disjoint V; € CO(c) 5 f(x;) € Vj, 
and since f is al.c.v.c., f- '(Vj) € vO(X, a;) for each j = 1,2. Thus (21,22) € ff '(Vi)xf-'(V2) € 
vO(X x X) and f-'(Vi) x f-'(V2) C X x X — A. Hence A is v—closed. 

Theorem 4.9. If f is r-irresolute{al.c.c.}; g : X — Y is cv.c; and Y is UT», then 
E={xeX: f(x) = g(x)} is v—closed [and hence semi-closed and 6—closed] in X. 

Theorem 4.10. If fis an al.c.v.c. injection and Y is weakly Hausdorff, then X is v — T}. 

Proof. Suppose that Y is weakly Hausdorff. For any x 4 y € X,4V,W € RC(Y) 3 f(z) € 
V, fly) ZV, f(x) ¢ W and fly) € W. Since fis al.c.v.c., f- '(V) and f-'(W) are v—open subsets 
of X such that x € f''(V),y ¢f-(V),« € f-'(W) and y € f-'(W). This shows that X is 
y—T}. 

Theorem 4.11. If for each pair 71 4 x2 € X there exists a function f of X into a Urysohn 
space Y such that f(x,) 4 f(x2) and f is al.c.v.c., at w, and x2, then X is vy — Th. 

Proof. Let x; # x2. Then by the hypothesis J a function f which satisfies the condition of 


this theorem. Since Y is Urysohn and f(21) 4 f(w2), J open sets Vi and V2 containing f(x) and 
f(x2), respectively, such that V; V2 = ¢. Since f is al.v.c., at 2;, JU; € vO(X, 2;) > Ui) C Vi 
for i= 1,2. Hence, we obtain U; 1 U2 = ¢. Therefore, X is vy — T). 

Corollary 4.4. If fis r-irresolute injection and Y is Urysohn, then X is vy — T). 


Definition 4.1. A function fis said to have a strongly contra-v—closed graph if for each 
(x,y) € (X x Y) — G(f) there exists U € vO(X,x) and a regular closed set V of Y containing 
y such that (U x V)N G(f) = ¢. 

Lemma 4.1. fhas a strongly contra-v—closed graph iff for each (a, y) € (X x Y) — G(f) 
JU € vO(X,x) and V € RC(Y,y) 3 (U)NV =¢. 

Theorem 4.12. If fis injective al.c.v.c. with the strongly contra-v—closed graph, then X 


is vy — To. 

Proof. Let « 4 y € X. Since f is injective, we have f(x) 4 f(y) and (2, f(y)) € (X x 
Y) — G(f). Since G(f) is strongly contra-v—closed, by Lemma 5.1, J U € vO(X,x) anda V € 
RC(Y,fly)) 3 (U)NV = ¢. Since f is al.c.v.c., by Theorem 3.16, 1 G € vO(X,y) 3 f(G) CV. 
Therefore, we have f(U)N f(G) = ¢; hence UN G = ¢. Hence X is vy — To. 
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Abstract By considering the Diophantine equation of the form «? — Dy? = 4 where D is a 
positive integer that is not perfect square and fundamental solution of 2? — Dy? = 4 with 
central norm equal to 4 associated with a principal norm of 8 we reformulate a theorem which 
is given by R. A. Mollin in [2]. In this paper we find some counterexamples to the theorem, 


thus disproves it and it is verified by using C computer programme that it is satisfied. 


Keywords Quadratic Diophantine equations, central norms. 
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81. Introduction 


In [2], R. A. Mollin considered the problem of giving necessary and sufficent conditions for 
the solvability of the Diophantine equation x? — Dy? = 4 and posed several theorems concerning 
the relations between fundamental solution of the Diophantine equation 2? — Dy? = 4 with 
gcd(x,y) = 1 and central norm equals to 4 associated with a principal norm of 8, which is an 
analogue of the generalized Lagrange result. 

The following theorem was given by R. A. Mollin in [2]. 

Theorem 1. If D = 4c, ¢ is odd, ¢(VD) = £ is even with Qej2 = 4, and Q; = 8 for some 
j, then the following hold: 

(1) c= 3, 7(mod 16) if and only if 7 is even. 

(2) c= 11, 15(mod 16) if and only if 7 is odd. 

But the theorem is incorrect. In this paper we revise Theorem 1. Also, we describe an 


algorithm for calculate 7 with value of c and give some counterexamples to Theorem 1. 
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§2. Notation and preliminaries 


We will be concerned with the simple continued fraction expansions of ¥ D where D is an 
integer that is not perfect square. We denote this expansion 


VD = (q0; 91; 92) --- We-1) 240); 


where £(VD) = £ is the period length, go = | VD] (the floor of VD) and qi, q2,.--,qe-1 isa 
palindrome. The jth convergent of VD for j > 0 is given by, 
Aj 


B; — (G03 15 925+ +3 U53)s 


where 

A; = qj Aj-1 + Aj_2, B; — qj Bj-1 + B;-2, 
with A_» =0,A_1; = 1, B_2 = 1, B_1 = 0. The complete quotients are given by, (P;+VD)/Q;, 
where Po = 0,Qo = 0 and for 7 > 1, 


Pin. =95Q;- Pj, a9 = (Pj) + VD)/Q5), D= PR t+ QjQja1. 
We will also need the following facts: 
AjBj-1 — Aj-1B; = (-1)?"",  AG_, — B3_,D = (-1)'Q;. 


When £ is even, Pez = Pe/o41 and Qe/2|2Pi/2, where Q¢/2|2D and Qy/z is called the central 
norm. In general, the values Q; are called the principal norms, since they are the norms of 
principal reduced ideals in order Z[VD]. (Also, see [1] for a more advanced exposition) 

We will be considering Diophantine equations x? — Dy? = 4. The fundamental solution of 
such an equation means the (unique) least positive integers (x, y) = (xo, yo) satisfying it. 


§3. Revision of Theorem 1 


Firstly, we reformulate Theorem 1 as the following: 

Theorem 2. If D = 4c, c is old, &(VD) = £ is even with Qe/2 = 4 and Q; = 8 for some 
j, then the following hold: 

(i) c= 7, 15(mod 16) if and only if 7 is even. 

(ii) c = 3, 11(mod 16) if and only if 7 is odd. 

Proof. Theorem 1 is correct for c = 7(mod16) and for c = 11(mod16) in part (1) and 
in part (2) of Theorem 1, respectively. Therefore, we only prove for c = 15(mod16) and 
c = 3(mod 16). 


Let c= 15(mod 16). The solution A? 


a B;_,D = (—1)’8 exists if and only if 


1 = (AB 4/0) = ((-1)¥8/e) = ((-1)3 0) 2/e) = (Ie HP -DAE, 


Since D = 4c and c is odd, there exists an integer k such that c= 16k+ 15. If we calculate 
(4j(c — 1) + c? — 1)/8 with respec to the values of c except for j, then we have 


(4j(c —1) +c? —1)/8 = 9(8k + 7) + (32k? + 60k + 28). 
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Now we assume j is an odd integer. Then (4j(c — 1) +c? — 1)/8 is odd. Therefore, from 


equation (1), we have 
(—1) 4i(e-D)+e?-1)/8 4, 


This is a contradiction and so j is an even integer for c = 15(mod 16). 
Conversely, suppose that 7 is an even integer. Then there exists an integer m such that 
j = 2m. From equation (1), we get for integers k 


1- ene tee = (ene ee - en 


and so (8m(c—1)+c?—1)/8 = 2k. Thus, we have 2c? — 2 = 0(mod 16) and so c = 15(mod 16). 


Proof of (ii) is the analogue of (i). 


Now we describe a procedure to calculate 7 with value of c. 

1. P[0] =0: Q[0] =1: A[0] =0: All] =1: Blo] =1: Bil] =0 
2. For k=0,---,maxd 

3. ce— 16*k+4+15 

4, D+«Axc 

5.  q[0] — int(sqrt(D)) 

6. Forn=1,---,maxd 

7. Pin] —q[n—-1]* Q[n-—1] — P[n- Jj 

8. Q[n] — (D— Pin] « Pin))/Q[n— Y 

9. q[n] — int(P[n|+sqrt(float D)/Q[n] 
10. Forg=1,---,n 
11. if g[n] equal 2*q[0] and g[j] equal gly + n] 
12. period — period +1 
13. End of For 
14. Fori=1,---,n 
15. if (Q|n/2| equal 4) compute Q[?] 
16. if (Q[é] equal 8) Display i 
17. End of For 
18. End of For 


19. End of For 
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Using above algorithms, we seek some values of 7 on computer and get many counterex- 
amples to Theorem 1. 

Example 1. Let we take D = 204 = 4.51 where c = 51 = 3+4 3.16 = 3(mod 16). Then we 
have, £(/D) = £= 8, Qej2 = 4 and Q; = 8. But, this case holds only for odd numbers j = 1 
and 7 = 7. 

Example 2. Now let we take D = 508 = 4.127 where c = 127 = 15+ 7.16 = 15(mod 16). 
Then we have, (VD) = ¢ = 32, Qej2 = 4 and Q; = 8. But, this case holds only for even 
numbers j = 6 and 7 = 26. 
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Abstract An n-tuple (a1, @2,...,@n) is symmetric, if ak = Qn—r+1,1<k <n. Let Hy = 
{(a1,d2,...,@n) : ak © {+,—},ae = Gn—n41,1 < k < n} be the set of all symmetric n- 
tuples. A symmetric n-sigraph (symmetric n-marked graph) is an ordered pair S, = (G,o) 
(S, = (G, “)), where G = (V, E) is a graph called the underlying graph of S,, anda: E > Hy, 
(u:V — H,) isa function. The neighborhood graph of a graph G = (V, £), denoted by N(G), 
is a graph on the same vertex set V, where two vertices in N(G) are adjacent if, and only 
if, they have a common neighbor. Analogously, one can define the neighborhood symmetric 
n-sigraph N(S;,) of a symmetric n-sigraph S, = (G,o) as a symmetric n-sigraph, N(Spn) = 
(N(G), 0’), where N(G) is the underlying graph of N(S,,), and for any edge e = uv in N(S,), 
o'(e) = p(u)u(v), where for any v € V, p(v) = Il o(wv). In this paper, we characterize 


uEN(v) 
symmetric n-sigraphs S;, for which S, ~ N(Sn), Sy ~ N(Sn) and N(Sn) ~ J(Sn), where 


J(Sy) and Sf, denotes jump symmetric n-sigraph and complement of symmetric n-sigraph of 
Sy respectively. 
Keywords Symmetric n-sigraphs, symmetric n-marked graphs, balance, switching, neighbo- 


rhood symmetric n-sigraphs, line symmetric n-sigraphs, jump symmetric n-sigraphs. 


81. Introduction 


Unless mentioned or defined otherwise, for all terminology and notion in graph theory the 
reader is refer to [6]. We consider only finite, simple graphs free from self-loops. 

Let n > 1 be an integer. An n-tuple (a1, ag,...,@n) is symmetric, if ag = Gn_gqi,l <k <n. 
Let Hn = {(a1, G2,...,@n) : ae © {+,—}, Qk = Gn—g41,1 < k < n} be the set of all symmetric 
n-tuples. Note that H,, is a group under coordinate wise multiplication, and the order of H,, is 
2”, where m = [§]. 

A symmetric n-sigraph (symmetric n-marked graph) is an ordered pair S$, = (G,c) (S, = 
(G,u)), where G = (V,£) is a graph called the underlying graph of S, anda: E — Hy, 
(uw: V — H,) is a function. 
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In this paper by an n-tuple/n-sigraph/n-marked graph we always mean a symmetric n- 
tuple/symmetric n-sigraph/symmetric n-marked graph. 

An n-tuple (a1, @2,...,@n) is the identity n-tuple, if a, = +, for 1 < k < n, otherwise it is 
a non-identity n-tuple. In an n-sigraph S,, = (G,o) an edge labelled with the identity n-tuple 
is called an identity edge, otherwise it is a non-identity edge. 

Further, in an n-sigraph S,, = (G,o), for any A C E(G) the n-tuple o(A) is the product 
of the n-tuples on the edges of A. 

In [11], the authors defined two notions of balance in n-sigraph S;, = (G,o) as follows (See 
also R. Rangarajan and P. S. K. Reddy §!): 

Definition. Let S,, = (G,o) be an n-sigraph. Then, 

(i) S;, is identity balanced (or i-balanced), if product of n-tuples on each cycle of S;, is the 
identity n-tuple, and 

(ii) S,, is balanced, if every cycle in S, contains an even number of non-identity edges. 

Note. An i-balanced n-sigraph need not be balanced and conversely. 

The following characterization of i-balanced n-sigraphs is obtained in [11]. 

Proposition 1.1.!!) An n-sigraph S,, = (G,c) is i-balanced if, and only if, it is possible 
to assign n-tuples to its vertices such that the n-tuple of each edge uv is equal to the product 
of the n-tuples of u and v. 

Let S;,, = (G,o) be an n-sigraph. Consider the n-marking pz on vertices of S,, defined as 
follows: each vertex v € V, pu(v) is the n-tuple which is the product of the n-tuples on the 
edges incident with v. Complement of S$, is an n-sigraph S, = (G,o°), where for any edge 
e = uw € G, o°(uv) = (u)u(v). Clearly, S,, as defined here is an i-balanced n-sigraph due to 
Proposition 1.1,[13] 

In [11], the authors also have defined switching and cycle isomorphism of an n-sigraph 
Sn = (G,o) as follows: (See [7,9,10,13-16]). 

Let S;, = (G,o) and Si, = (G’,o’), be two n-sigraphs. Then S,, and S/, are said to be 
isomorphic, if there exists an isomorphism ¢: G — G’ such that if wv is an edge in S, with 
label (a1, @2,...,@n) then $(u)¢(v) is an edge in S}, with label (a1, ag, ..., an). 

Given an n-marking py of an n-sigraph S, = (G,o), switching S, with respect to py is 
the operation of changing the n-tuple of every edge wu of S,, by p(u)o(uv)p(v). The n-sigraph 
obtained in this way is denoted by S,,(S,,) and is called the y-switched n-sigraph or just switched 
n-sigraph. 

Further, an n-sigraph S,, switches to n-sigraph S’, (or that they are switching equivalent 
to each other), written as S, ~ S’,, whenever there exists an n-marking of S$, such that 
Sil Sn) = Sys 

Two n-sigraphs S, = (G,o) and S!, = (G’,o’) are said to be cycle isomorphic, if there 
exists an isomorphism ¢: G — G’ such that the n-tuple o(C) of every cycle C' in S;, equals to 
the n-tuple o(¢(C)) in Sj. 

We make use of the following known result. 


(11 


Proposition 1.2.) Given a graph G, any two n-sigraphs with G as underlying graph 


are switching equivalent if, and only if, they are cycle isomorphic. 
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§2. Neighborhood n-sigraphs 


For any graph G, neighborhood graph N(G) of G is a graph on the same vertex set V(G), 
with two vertices are adjacent if, and only if, they have a common neighbor. Neighborhood 
graphs are also known as 2-path graphs (See [1]). Further, a graph G is said to be neighborhood 
graph if G = N(H). The neighborhood of a vertex v is the set of all vertices adjacent to v. 
Clearly, N(G) is the intersection graph of neighborhoods of G. Neighborhood graphs was first 
introduced by C. R. Cook 4! as H2-graph of a graph. B. D. Acharya ! introduced the notion 
as open neighborhood graph of a given graph as intersection graph of neighbors of vertices of G. 
Later F. Escalante et al.!! introduced the notion of n-path graphs as follows: For any integer 
n, the n-path graph (G),, of a graph G, as a graph on the same vertex set and two vertices are 
adjacent if, and only if, there exists a path of length n in G. Thus 2-path graphs are nothing 
but neighborhood graph. 

Motivated by the existing definition of complement of an n-sigraph, we extend the notion 
of neighborhood graphs to n-sigraphs as follows: The neighborhood n-sigraph N(S;,) of an 
n-sigraph S,, = (G,c) is an n-sigraph whose underlying graph is N(G) and the n-tuple of any 
edge uv in N(S;,) is u(u)u(v), where p is the canonical n-marking of $,,. Further, an n-sigraph 
Sn = (G,o) is called neighborhood n-sigraph, if S, = N(S/,) for some n-sigraph S!. The 
following result indicates the limitations of the notion of neighborhood n-sigraph as introduced 
above, since the entire class of t-unbalanced n-sigraphs is forbidden to neighborhood n-sigraphs. 

Proposition 2.1. For any n-sigraph S,, = (G,o), its neighborhood n-sigraph N(S,) is 
i-balanced. 

Proof. Since the n-tuple of any edge wv in N(S,,) is u(u)u(v), where uz is the canonical 
n-marking of S,,, by Proposition 1.1, N(S,,) is i-balanced. 

The following result is due to B. D. Acharya and M. N. Vartak ! which gives a character- 
ization of neighborhood graphs: 

Proposition 2.2. A graph G = (V, E), where V = {v, v2, ..., Up} is a neighborhood graph 
if, and only if edges of G can be included in p complete subgraphs A), Ho,..., Hp, where the 
subgraphs can be indexed so that 

(i) vi ¢ Hy and; 

(ii) vu; € H; if, and only if v; € Hj. 

Proposition 2.3. Suppose an n-sigraph S,, = (Gc) is a neighborhood n-sigraph. Then 
S,, is i-balanced and G is a neighborhood graph. 

Proof. Suppose that S,, is a neighborhood n-sigraph. That is there exists an n-sigraph 
S!, = (G’,o’) such that N(S/,) = S;, and hence N(G’) = G. That is G is a neighborhood graph. 
Also, by Proposition 2.1, the neighborhood n-sigraph of any n-sigraph is i-balanced, it follows 
that N(S!,) = S,, is i-balanced. 

Problem 2.4. Characterize neighborhood n-sigraphs. 

Proposition 2.5. For any two n-sigraphs S, and S$’, with the same underlying graph, 
their neighborhood n-sigraphs are switching equivalent. 

The following results are due to R. C. Brigham and R. D. Dutton &) which gives charac- 
terization of graphs for which N(G) & G and N(G) = G. 
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Proposition 2.6. For a connected graph G, N(G) & G if, and only if, G is either a 
complete graph or an odd cycle of order > 3. 

Proposition 2.7. For a graph G = (V, E), the following are equivalent: 

(i) N(G) =G; 

(ii) There is a permutation f of the vertex set V such that wv is an edge in G if, and only 
if, f(u) and f(v) have no common neighbor. 

For any positive integer k, the iterated neighborhood graph of G is defined as follows: 


N°(G) = G, N*(G) = N(N*-1(Q)). 


Proposition 2.8. For any graph G and any integer k > 1, the k‘’-iterated neighborhood 
graph N*(G) & G if, and only if, N(G) =G. 

The following result characterizes the family of n-sigraphs satisfies S, ~ N(S;,). 

Proposition 2.9. A connected n-sigraph S,, = (G,c) satisfies 5, ~ N(S;,) if, and only 
if, S,, is i-balanced and G is either an odd cycle or a complete graph. 

Proof. Suppose S,, ~ N(S;,,). This implies, G = N(G) and hence by Proposition 2.6, we 
see that the graph G is either an odd cycle or a complete graph. Now, if S,, is any n-sigraph with 
underlying graph is complete or is an odd cycle, Proposition 3 implies that N(S;,,) is -balanced 
and hence if S, is i-unbalanced and its neighborhood n-sigraph N(S,,) being i-balanced can 
not be switching equivalent to S$, in accordance with Proposition 1.2. Therefore, S;, must be 
i-balanced. 

Conversely, suppose that 5S, 7-balanced n-sigraph on a complete graph or an odd cycle. 
Then, since N(S;,,) is t-balanced as per Proposition 2.1 and since G ~ N(G) by Proposition 
2.6, the result follows from Proposition 2.1 again. 

Proposition 2.10. For an n-sigraph S,, = (G,o), the following are equivalent: 

(i) N(Sn) ~ $63 

(ii) There is a permutation f of the vertex set V such that wv is an edge in G if, and only 
if, f(u) and f(v) have no common neighbor. 

Proof. Suppose that N(S;,) ~ S$. Then clearly we have N(G) & G. Hence by Proposition 
2.7, there is a permutation f of the vertex set V such that wv is an edge in G if, and only if, 
f(u) and f(v) have no common neighbor. 

Conversely, suppose that there is a permutation f of the vertex set V such that uv is an 
edge in G if, and only if, f(w) and f(v) have no common neighbor. Then again by Proposition 
2.7, N(G) &G. Since both N(S;,) and $° are balanced for any n-sigraph S;,, the result follows 
by Proposition 1.2 again. 


§3. Switching equivalence of neighborhood n-sigraphs and 
line n-sigraphs 


The line graph L(G) of graph G has the edges of G as the vertices and two vertices of 
L(G) are adjacent if the corresponding edges of G are adjacent. The line n-sigraph of an 
n-sigraph S,, = (G,o) is an n-sigraph L(S,,) = (L(G),0’), where for any edge ee’ in L(S,,), 


o'(ee’) = o(e)a(e’). This concept was introduced by E. Sampatkumar et al.!"?] 
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Proposition 3.1. (E. Sampathkumar et al.!'7!) For any n-sigraph 9, = (G,o), its 
line n-sigraph L(S;,) is t-balanced. 
For any positive integer k, the k’” iterated line n-sigraph, L’(S,,) of S,, is defined as follows: 


L°(S;,) = Sin, L*(Sp) = L(L*-1(S,)). 


Corollary 3.2. For any n-sigraph S, = (G,c) and for any positive integer k, L*(S;,) is 
i-balanced. 

The following result due to B. D. Acharya |] gives a characterization of graphs for which 
L(G) = N(G). 

Proposition 3.3. (B.D. Acharya |) ) For a connected graph G = (V, E), L(G) & N(G) 
if and only if G satisfies the following conditions: 

(i) G is unicyclic and the cycle C of G is of odd length m=2n+1, n > 1. 

(ii) If G contains a vertex v not on the cycle then, d(v,C) < 2. 

(iii) If there exists at least one vertex v not on the cycle C, with d(v,C) = 2, then C = C3. 
Further, all such vertices not on the cycle C' and at a distance 2 from C have degree 1 and are 
adjacent to a unique point, say v, which is adjacent to exactly one vertex of C. 

(iv) If degrees of all the vertices are distinct, then C = C3 and any vertex not on the cycle 
C, is at a distance 1 from C. 

(v) If the cycle C is of length more than 3 say C = C,, with m=2n+1 then, there exists 
vertices v; and v; of C (not necessarily distinct) such that at least one of the two systems 5; 
and S$ given below, among the degrees dx of vertices vz € C holds: 

Si: di = dj, digg = djar, 1 Sr < n—-4, dnor = djpan-i4n)y-1, 1 S 7 <n, dp = 


djioa—aisl Sr sn—%. 
So: di = dj, ditr = djyan—-r)gs S rn —t+1, dntr = djpagsn—r)-a2 Sr <ntl, 


dy, = djyaG4n—r)-1,l <r <i-l. 

The following result gives a characterization of those n-sigraphs whose neighborhood n- 
sgraphs are switching equivalent to their line n-sigraphs. 

Proposition 3.4. For any n-sigraph S,, = (G,o), N(S;,) ~ L(S;,,) if, and only if, S,, is an 
i-balanced n-sigraph and satisfies conditions (i) to (iv) of Proposition 3.3. 


§4. Switching equivalence of neighborhood n-sigraphs and 


jump n-sigraphs 


The jump graph J(G) of a graph G = (V, F) is L(G), the complement of the line graph 
L(G) of G ( see [6]). 

We now give a characterization of graphs for which N(G) & J(G). 

Proposition 4.1. The jump graph J(G) of a connected graph G is isomorphic to N(G), 
the neighborhood graph of G if, and only if, G is Cs. 

Proof. Suppose G is a connected graph such that N(G) & J(G). Hence number of vertices 
and number of edges are equal and so G must be unicyclic. Since J(C;,) is a cycle if, and only 
if, n = 5 and N(C,,) is either C,, or two copies of C;,/2 according as n is odd or even, it follows 
that the cycle in G is Cs. Now suppose that there exists a vertex in Cs of degree > 3, then the 
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edge not on the cycle is adjacent to 3 vertices in J(G), where as the vertex in N(G) is adjacent 
two vertices of the cycle. Hence G © Cs. The converse part is obvious. 

The jump n-sigraph of an n-sigraph S,, = (G,o) is an signed graph J(S) = (J(G),o’), 
where for any edge ee’ in J(S,), o’(ee’) = o(e)a(e’). This concept was introduced by E. 
Sampathkumar et al.!!4] 

Proposition 4.2. (E. Sampathkumar et al.!!!]) For any n-sigraph S;, = (G,o), its 
jump n-sigraph J(S,,) is i-balanced. 

For any positive integer k, the k*” iterated jump n-sigraph, J*(S,) of Si, is defined as 
follows: 


J°(Sn) = Sn, T*(Sn) = I(TP-1(Sn)). 


Corollary 4.3. For any n-sigraph S,, = (G,c) and for any positive integer k, J*(S;,) is 
i-balanced. 

We now give a characterization of n-sigraphs whose jump n-sigraphs are switching equiv- 
alent to their neighborhood n-sigraphs. 

Proposition 4.4. A connected n-sigraph S;, = (G,o) satisfies N(S,) ~ J(S;,) if and only 
if S;, is an n-sigraph on Cs, cycle on 5 vertices. 

Proof. Suppose that N(S,) ~ J(S,). Then clearly N(G) = J(G). Hence by Proposition 
4.1, G must be Cs. 

Conversely, suppose that S,, is an n-sigraph on C5. Then by Proposition 4.1, N(G) = 
J(G). Since for any n-sigraph S,, both N(S,,) and J(S,) are balanced, the result follows by 
Proposition 1.2. 
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Abstract In this paper, we investigate the influence of some subgroups of Sylow subgroups 
with semi cover-avoiding property and S-supplementation on the structure of finite groups. 


Some conditions of p-nilpotency are obtained and some recent results are generalized. 
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81. Introduction 


Throughout the paper, all groups are finite. We use conventional notions and notation, as 
in Huppert |]. G always denotes a group, |G| is the order of G, O,(G) is the maximal normal 
p-subgroup of G, O?(G) =< g € G| pt o(g) > and ®(G) is the Frattini subgroup of G. 

Let L/K be a normal factor of a group G. A subgroup H of G is said to cover L/K if 
HL = HK, and G is said to avoid L/K if HNL = HK. If A covers or avoids every 
chief factor of G, then H is said to have the cover-avoiding property in G, i.e., H is a CAP- 
subgroup of G. This conception was first studied by Gaschiitz (see [2]) to study the solvable 
groups, later by Gillam (see [3]) and Tomkinson (see [4]). In Ezquerro (see [5]) gave some 
characterizations for a group G to be p-supersolvable and supersolvable under the assumption 
that all maximal subgroups of some Sylow subgroups of G have the cover-avoiding property 
in G. For example, Ezquerrohas proved: Let G be a group with a normal subgroup H such 
that G/H is supersolvable. Then G is supersolvable if one of following holds: (1) all maximal 
subgroups of the Sylow subgroups of H are C'AP-subgroups of G; (2) H is solvable and all 
maximal subgroups of the Sylow subgroups of F'(H) are CAP-subgroups of G. Asaad (see [6]) 
said that it is possible to extend Ezquerro’s results with formation theory. Recently, Guo and 
Shum pushed further this approach and obtained some charaterizations for a solvable group 
and a p-solvable group based on the assumption that some of its subgroups are CA P-subgroups 
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(see [7]). More recently, in Fan et al. (see [8]) introduced the semi cover-avoiding property, 
which is the generalization not only of the cover-avoiding property but also of c-normality (see 
(9]). A subgroup H of a group G is said to have the semi cover-avoiding property in G, i.e., 
HT is an SCAP-subgroup of G, if there exists a chief series of G such that H either covers or 
avoids every G-chief factor of this series. The results in Guo and Shum (see [7]) and Wang (see 
[9]) were extended with the requirement that the certain subgroups of G are SC'AP-subgroups 
(see [10, 11]). More recently, many authors invest presented some conditions for a group to be 
p-nilpotent and supersolvable under the condition that some subgroups of Sylow subgroup are 
SCAP-subgroups (see [12, 13, 14]). 

A subgroup H of a group G is said to be S-quasinormal (or 7-quasinormal) in G if H 
permutes with all Sylow subgroups of G, ie., HS = SH for any Sylow subgroup S$ of G. 
This concept was introduced by Kegel in [15]. As another generalization of S-quasinormal 
subgroups, A. N. Skiba (see [16]) introduced the following concept: A subgroup H of a group 
G is called weakly S-supplemented (or S-supplemented) in G if there is a subgroup T of G 
such that G= HT and HOT < Hsq, where Hsg is the subgroup of H generated by all those 
subgroups of H which are S-quasinormal in G. In fact, this concept is also a generalization of 
c-supplemented subgroups given in [17]. By using S-supplemented subgroups, many interesting 
results in finite groups were obtained (see [18, 19, 20]). For example, Skiba proved: Let FE be 
a normal subgroup of a finite group G. Suppose that for every non-cyclic Sylow subgroup P of 
F, either all maximal subgroups of P or all cyclic subgroups of P of prime order and order 4 
are S-supplemented in G. Then each G-chief factor below E is cyclic. 

There are examples to show that semi cover-avoiding property and S-supplementation can 
not imply from one to the other one. In this paper, we will try an attempt to unify the two 
concepts and establish the structure of groups under the assumption that all maximal subgroups 
or all minimal subgroups of a Sylow subgroup or are SCAP or S-supplemented subgroups. Our 
theorems generalize and unify some known results, such as in [11, 13, 26, 27, 28]. 


§2. Preliminaries 


In this section, we list some lemmas which will be useful for the proofs of our main results. 

Lemma 2.1.!'!] (Lemma 2.5 and 2.6) Let H be an SC'AP subgroup of a group G. 

(1) If H < L<G, then H is an SCAP subgroup of L. 

(2) If NIGand N < H<G, then H/N is an SCAP subgroup of G/N. 

(3) If H is a z-subgroup and N is a normal a’-subgroup of G, then HN/N is an SCAP 
subgroup of G/N. 

Lemma 2.2.!6] (Lemma 2.10) Let H be an S-supplemented subgroup of a group G. 

(1) If H < L<G, then Z is S-supplemented in L. 

(2) If NI Gand N < H<G, then H/N is S-supplemented in G/N. 

(3) If H is a x-subgroup and N is anormal z’-subgroup of G, then H N/N is S-supplemented 
in G/N. 

Lemma 2.3.!!6] (Lemma 3.1) Let p be a prime dividing the order of the group G with 
(|G|,p — 1) =1 and let P be a p-Sylow subgroup of G. If there is a maximal subgroup P; of P 
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such that P, has the semi cover-avoiding property in G, then G is p-solvable. 

Lemma 2.4.!?7] (Lemma 2.8) Let M be a maximal subgroup of G and P a normal p- 
subgroup of G such that G = PM, where p is a prime. Then P/M M is a normal subgroup of 
G. 

Lemma 2.5.!?°) (Lemma 2.7) Let G be a group and p a prime dividing |G] with (|G|,p — 
Si 

(1) If N is normal in G of order p, then N < Z(G). 

(2) If G has cyclic Sylow p-subgroup, then G is p-nilpotent. 

(3) If M < Gand |G: M| =p, then MIG. 

Lemma 2.6.75] (Lemma 2.6) If P is a S-quasinormal p-subgroup of a group G for some 
prime p, then O?(G) < Ng(P). 

Lemma 2.7.!24] (Main Theorem) Suppose that G has a Hall a-subgroup where 7 is a set 
of odd primes. Then all Hall 7-subgroups of G are conjugate. 


Lemma 2.8. ({1], IV, 5.4) Suppose that G is a group which is not nilpotent but whose 
proper subgroups are all nilpotent. Then G is a group which is not nilpotent but whose proper 
subgroups are all nilpotent. 

Lemma 2.9. ({1], III, 5.2) Suppose G is a group which is not p-nilpotent but whose proper 
subgroups are all p-nilpotent. Then 

(a) G has a normal Sylow p-subgroup P for some prime p and G = PQ, where Q is a 
non-normal cyclic g-subgroup for some prime q # Pp. 

(b) P/®(P) is a minimal normal subgroup of G/®(P). 

(c) If P is non-abelian and p > 2, then the exponent of P is p; If P is non-abelian and 

= 2, then the exponent of P is 4. 

(d) If P is abelian, then the exponent of P is p. 


(e) Z(G) = OP) x &(Q). 


§3. P-nilpotentcy 


Theorem 3.1. Let p be a prime dividing the order of a group G with (|G|,p —1) = 1 and 
Hf a normal subgroup of G such that G/H is p-nilpotent. If there exists a Sylow p-subgroup 
P of H such that every maximal subgroup of P is either an SCAP or an S-supplemented 
subgroup of G, then G is p-nilpotent. 

Proof. We distinguish two cases: 

Case l. H=G. 

Suppose that the theorem is false and let G be a counterexample of minimal order. We 
will derive a contradiction in several steps. 

(1) Op(@) =1. 

Assume that O,(G) # 1. Then PO, (G)/Op(G) is a Sylow p-subgroup of G/O,/(G). 
Suppose that M/O,(G) is a maximal subgroup of PO, (G)/O,(G). Then there exists a 
maximal subgroup P; of P such that M = P\O,(G). By the hypothesis, P; is either an 
SCAP or an S-supplemented subgroup of G, then M/O,(G) = P,Oy(G)/Op/(G) is either an 
SCAP or an S-supplemented subgroup of G/O,(G) by Lemma 2.1 and 2.2. It is clear that 
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(|G/O,(G)|,p — 1) =1. The minimal choice of G implies that G/O,/(G) is p-nilpotent, and so 
G is p-nilpotent, a contradiction. Therefore, we have O,(G) = 1. 

(2) 0,(G) #1. 

If all maximal subgroups of P are S-supplemented in G, then G is p-nilpotent by [21, 
Lemma 3.1]. Therefore we may assume that there is a maximal subgroup P; of P which is an 
SCAP subgroup of G. By Lemma 2.3, G is p-solvable. Since O,/(G) = 1 by Step (1), we have 
0,(G) #1. 

(3) G is solvable. 

If p 4 2, then G is odd from the assumption that (|G|,p — 1) = 1. By the famous Odd 
Order Theorem, G is solvable. If p = 2, then O2(G) 4 1 by Step (2). Suppose that M/O2(G) is 
a maximal subgroup of P/O2(G). Then M is a maximal subgroup of P. By the hypothesis, 
is either an SCAP or an S-supplemented subgroup of G, then M/O9(G) is either an SCAP or 
an S-supplemented subgroup of G/O2(G) by Lemma 2.1 and 2.2. Therefore G/O2(G) satisfies 
the hypothesis of the theorem. The minimal choice of G implies that G/O2(G) is 2-nilpotent, 
and so G/O2(G) is solvable. It follows that G is solvable. 

(4) O,(G) is the unique minimal normal subgroup of G. 

Let N be a minimal normal subgroup of G. By Step (3), N is an elementary abelian 
subgroup. Since O,/(G) = 1, we have N is p-subgroup and so N < O,(G). It is easy to see 
that G/N satisfies the hypothesis of the theorem. The minimal choice of G implies that G/N 
is p-nilpotent. Since the class of all p-nilpotent groups is a saturated formation, N is a unique 
minimal normal subgroup of G and N ¢ ®(G). Choose M to be a maximal subgroup of G 
such that G = NM. Obviously, G = O,(G)M and so O,(G)M M is normal in G by Lemma 
2.4. The uniqueness of N yields N = O,(G). 

(5) The final contradiction. 

By the proof in Step (4), G has a maximal subgroup M such that G = MO,(G) and 
G/O,(G) = M is p-nilpotent. Clearly, P = O,(G)(PMM). Furthermore, P71 M < P. Thus, 
there exists a maximal subgroup V of P such that PM M < V. Hence, P = O,(G)V. By 
the hypothesis, V is either an SCAP or a S-supplemented subgroup of G. First, we assume 
that V is an SCAP of G. Since O,(G) is the unique minimal normal subgroup of G, V covers 
or avoids O,(G)/1. If V covers O,(G)/1, then VO,(G) = V, ie., O,(G) < V. It follows 
that P = O,(G)V = V, a contradiction. If V avoids O,(G)/1, then VN O,(G) = 1. Since 
Vn 0O,(G) is a maximal subgroup of O,(G), we have that O,(G) is of order p and so O,(G) 
lies in Z(G) by Lemma 2.5. By the proof in Step (4), we have G/O,(G) is p-nilpotent. Then 
G/Z(G) is p-nilpotent, and so G is p-nilpotent, a contradiction. Now, we may assume that V 
is an S-supplemented subgroup of G. Then there is a subgroup T of G such that G = VT and 
VOT < V.q. From Lemma 2.6, we have O?(G) < Ne(Vsc). Since Vsg is subnormal in G, we 
have VNT < Veg < O,(G). Thus, Vig < VM O,(G) and 

Vee S Vea)? = (Vee)? = (Vea)? < (V1 Op(G))? = V0.0, (G) < O,(G). 


It follows that (Vsg)© = 1 or (Vsag)° = V NO>(G) = O,(G). If (Vag) = VNO,(G) = O,(G), 
then O,(G) < V and P = O,(G)V = V, a contradiction. If (Vsg)% = 1, then VOT = 1 
and so |T|, = p. Hence, T is p-nilpotent by Lemma 2.5. Let T,, be the normal p-complement 
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of T. Since M is p-nilpotent, we may suppose M has a normal Hall p’-subgroup M,, and 
M < Ne(M,) < G. The maximality of M implies that M = Ng(M,’) or Ng(M,-) = G. If 
the latter holds, then M, <1 G and M,, is actually the normal p-complement of G’, which is 
contrary to the choice of G. Hence, we may assume M = Ng(M,,). By applying Lemma 2.7 
and Feit-Thompson’s theorem, there exists g € G such that T, = M,. Hence, TY < Ne(Tj,) = 
Ne(M,) = M. However, T, is normalized by T, so g can be considered as an element of V. 
Thus, G= VT =VM and P=V(PNM) =V, a contradiction. 

Case Il. H <G. 

By Lemma 2.1 and 2.2, every maximal subgroup of P is an SCAP or S-supplemented 
subgroup of H. By Case I, A is p-nilpotent. Now, let H,, be the normal p-complement of 
H. Then H, 1G. Assume H,, # 1 and consider G/H,. Applying Lemma 2.1 and 2.2, it is 
easy to see that G/H,, satisfies the hypotheses for the normal subgroup H/H,,. Therefore, by 
induction G/H,, is p-nilpotent and so G is p-nilpotent. Hence, we may assume H,, = 1 and so 
H = P isa p-group. Since G/H is p-nilpotent, we can let K/H be the normal p-complement 
of G/H. By Schur-Zassenhaus’s theorem, there exists a Hall p’-subgroup K,, of K such that 
K = HK,,. A new application of Case II yields K is p-nilpotent and so K = H x K,,. Hence, 
Ky is a normal p-complement of G, i.e., G is p-nilpotent. 

Corollary 3.2. Let P be a Sylow p-subgroup of a group G, where p is the smallest prime 
divisor of |G|. If every maximal subgroup of P is either an SCAP or an S-supplemented 
subgroup of G, then G is p-nilpotent. 

Proof. It is clear that (|G|,p — 1) = 1 if p is the smallest prime dividing the order of G 
and so Corollary 3.2 follows immediately from Theorem 3.1. 

Corollary 3.3. Suppose that every maximal subgroup of any Sylow subgroup of a group 
G is either an SCAP or an S-supplemented subgroup of G, then G is a Sylow tower group of 
supersolvable type. 

Proof. Let p be the smallest prime dividing |G| and P a Sylow p-subgroup of G. By 
Corollary 3.2, G is p-nilpotent. Let U be the normal p-complement of G. By Lemma 2.1 
and 2.2, every maximal subgroup of any Sylow subgroup of U is either an SCAP or an S- 
supplemented subgroup of U. Thus U satisfies the hypothesis of the Corollary. It follows by 
induction that U, and hence G is a Sylow tower group of supersolvable type. 

Corollary 3.4.26] (Theorem 3.1) Let G be a group, p a prime dividing the order of G, 
and P a Sylow p-subgroup of G. If (|G|,p — 1) = 1 and every maximal subgroup of P is an 
SCAP subgroup of G, then G is p-nilpotent. 

Corollary 3.5.!'] (Theorem 3.2) Let P be a Sylow p-subgroup of a group G, where p is 
the smallest prime divisor of |G|. If P is cyclic or every maximal subgroup of P is an SCAP 
subgroup of G, then G is p-nilpotent. 

Proof. If P is cyclic, by Lemma 2.5, we have G is p-nilpotent. Thus we may assume that 
every maximal subgroup of P is an SCAP subgroup of G. By Corollary 3.2, G is p-nilpotent. 

Theorem 3.6. Suppose N is a normal subgroup of a group G such that G/N is p-nilpotent, 
where p is a fixed prime number. Suppose every subgroup of order p of N is contained in the 
hypercenter Z(G) of G. If p = 2, in addition, suppose every cyclic subgroup of order 4 of N 
is either an SCAP or an S-supplemented subgroup of G, then G is p-nilpotent. 
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Proof. Suppose that the theorem is false, and let G be a counterexample of minimal order. 

(1) The hypotheses are inherited by all proper subgroups, thus G is a group which is not 
p-nilpotent but whose proper subgroups are all p-nilpotent. 

In fact, VK < G, since G/N is p-nilpotent, K/K 1 N = KN/N is also p-nilpotent. The 
cyclic subgroup of order p of KN N is contained in Z(G) NK < Z(K), the cyclic subgroup 
of order 4 of KN is either an SCAP or an S-supplemented subgroup of G, then is either an 
SCAP or an S-supplemented subgroup of K by Lemma 2.1 and 2.2. Thus K, KN N satisfy the 
hypotheses of the theorem in any case, so K is p-nilpotent, therefore G is a group which is not 
p-nilpotent but whose proper subgroups are all p-nilpotent. By Lemma 2.8 and 2.9, G= PQ, 
P<G and P/®(P) is a minimal normal subgroup of G/®(P). 

(2) G/PON is p-nilpotent. 

Since G/P = Q is nilpotent, G/N is p-nilpotent and G/PN N < G/P x G/N, therefore 
G/P ON is p-nilpotent. 

(3) P< N. 

If P£ N, then PON < P. SoQ(PNN) < QP=G. Thus Q(PNN) is nilpotent by 
(1), Q(PNN)=Qx (PNN). Since G/PNN = P/PAN-Q(PNN)/PON, it follows that 
Q(PNN)/PAN<G/PON by Step (2). So Q char Q(PN N) AG. Therefore, G=PxQ,a 
contradiction. 

(4) p=2. 

If p > 2, then exp(P) = p by (a) and Lemma 2.9. Thus P= PON < Z(G). It follows 
that G/Z,.(G) is nilpotent, and so G is nilpotent, a contradiction. 

(5) For every x € P\®(P), we have o(x) = 4. 

If not, there exists « € P\®(P) and o(z) = 2. Denote M =< x° >< P. Then 
M®(P)/®(P) < G/®(P), we have that P = M®(P) = M < Z(G) as P/®(P) is a mini- 
mal normal subgroup of G/®(P) by Lemma 2.9, a contradiction. 

(6) For every x € P\®(P), < x > is supplemented in G. 

Let « € P\®(P). Then « either an SCAP or an S-supplemented subgroup of G by Step 
(5) and the hypothesis. We assume that x has the semi cover-avoiding property in G. In this 
case, there exists a chief series of G 


1=Go<Gi<-:-<G=G, 


such that x covers or avoids every G;/G;_1. Since x € G, for some k, x ¢ G, but « € G4. 
It follows from GaN < @ >4 GeyiNn < x > that Ge < © >= Grit < © >= Grei1. Hence 
Grii/Gr is a cyclic group of order 4. The normality of PNG; implies that (P7.G;,)®(P)/®(P) 
is normal in G/®(P). Since P/®(P) is a minimal normal subgroup of G/®(P), we see that 
(P71 G;,)®(P) = ®(P) or P. If (PN G,)O(P) = P, then PNG, = P, contradicting « ¢ 
POG,. Thus PNG, < ®(P). Since « ¢ ®(P) but « € PN Geyi, PA Gaui = P, ie, 
P < Gy41.Therefore, P= PNG, < & >=< «> (PNG,) = O(P) < & >=< a >. By 
Lemma 2.9, P is an elementary abelian group and so P does not have an element of order 4, a 
contradiction. 

(7) Final contradiction. 

For any « € P\®(P), we may assume that x is supplemented in G by Step (6). Then 
there is a subgroup T' of G such that G =< « > T and < a >NT << & >zgq. It follows 
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that P= PNG=PNH<a«>T =< 24> (PNT). Since P/®(P) is abelian, we have 
(P1T)®(P)/®(P) < G/®(P). Since P/®(P) is the minimal normal subgroup of G/®(P), 
POT < ®(P) or P = (PNT)®OP) = PNT. If PNT < OP), thn <x@>=P<4G,a 
contraction. If P = (PNT)®(P) = PNT, then T = G and so < 4 >=< & >gq is s-permutable 
in G. We have < x > Q is a proper subgroup of G and so < « > Q =< x > xQ, ie., 
<a >< Ne(Q). By Lemma 2.9, 6(P) C Z(G). Therefore we have P < Ng(Q) and so Q 1G, 
a contradiction. 

Corollary 3.7. Suppose N is a normal subgroup of a group G such that G/N is nilpotent 
and every minimal subgroup of N is contained in the hypercenter Z(G) of G. If p = 2, in 
addition, suppose every cyclic subgroup of order 4 of N is either an SC AP or an S-supplemented 
subgroup of G, then G is nilpotent. 

Corollary 3.8.7] (Theorem 4.3) Suppose N is a normal subgroup of a group G such that 
G/N is nilpotent and every minimal subgroup of N is contained in the hypercenter Z(G) 
of G. If p = 2, in addition, suppose every cyclic subgroup of order 4 of N is csupplemented 
subgroup of G, then G is nilpotent. 

Corollary 3.9.°!(Theorem 2.5) Suppose that p is a prime and K = G be the nilpotent 
residual of G. Then G is p-nilpotent if every minimal subgroup of K is contained in Z.(G) 
and every cyclic < x > of K with order 4 is c-supplemented in G. 

Corollary 3.10.!?°](Theorem 2.4) Let G be a finite group and K = G™ be the nilpotent 
residual of G. Then G is nilpotent if and only if every minimal subgroup < a > of K lies in 
the hypercenter Z(G) of G and every cyclic element of P with order 4 is cnormal in G. 


References 


1] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin-New York, 1967. 

2] W. Gaschiitz, Praefrattinigruppen, Arch. Math, 13(1963), 418-426. 

3] J. D. Gillam, Cover-avoidsubgroups in finite solvable groups, J. Algebra, 29(1974), 
2 


4] M. J. Tomkinson, Cover-avoidance properties in finite soluble groups, Canad. Math. 
Bull, 19(1976), 213-216. 

5] L. M. Ezquerro, A contribution to the theory of finite supersolvable groups, Rend. Sem. 
Mat. Univ. Padova, 89(1993), 161-170. 

6] M. Asaad, On maximal subgroups of finite group, Comm. Algebra, 26(1998), 3647-3652. 
7| X. Guo and K. P. Shum, Cover-avoidance properties and the structure of finite groups, 
J. Pure Appl. Algebra, 181(2003), 297-308. 

8] Y. Fan, X. Guo and K. P. Shum, Remarks on two generalizations of normality of 
subgroups, Chinese Ann. Math (Chinese Series) A, 27(2006), 169-176. 

9] Y. Wang, c-Normality of groups and its properties, J. Algebra, 180(1996), 954-965. 
10] X. Guo, J. Wang and K. P. Shum, On semi cover-avoiding maximal subgroup and 
solvability of finite groups, Comm. Algebra, 34(2006), 3235-3244. 

11] X. Guo, P. Guo and K. P. Shum, On semi cover-avoiding subgroups of finite group, J. 
Pure Appl. Algebra, 209(2007), 151-158. 


Vol. 7 The influence of SCAP and S-supplemented subgroups on the p-nilpotency of finite groups 113 


12] X. Guo, and L. Wang, On finite groups with some semi cover-avoiding subgroups, Acta 
Math. Sin (English Series), 23(2007), 1689-1696. 

13] X. Li and Y. Yang, Semi CAP-subgroups and the structure of finite groups, Acta 
Math. Sin (Chinese Series), 51(2008), 1181-1187. 

14] T. Zhao and X. Li, Semi cover-avoiding properties of finite groups, Front. Math. 
China, 5(2010), 79-800. 

15] O. H. Kegel, Sylow Gruppen und subnormalteiler endlicher Gruppen, Math. Z, 
78(1962), 205-221. 

16] A. N. Skiba, On weakly s-permutable subgroups of finite groups, J. Algebra, 315(2007), 
192-209. 
17] Y. Wang, Finite groups with some subgroups of Sylow subgroups c-supplemented, J. 
Algebra, 224(2000), 467-478. 

18] Y. Huang and Y. Li, On weakly S-supplemented subgroups of finite groups, South. 
Asian Bull. Math, 33(2009), 443-450. 

19] M. E. Mohamed, On weakly S-supplemented subgroups of finite groups, Arab. J. Sci. 
Eng, 35(2010), 235-240. 

20] A. N. Skiba, On two questions of L. A. Shemetkov concerning hypercyclically embedded 
subgroups of finite groups, J. Group Theory, 13(2010), 841-850. 

21] C. Li, On S-quasinormally embedded and weakly S-supplemented subgroups of finite 
groups, Arab. J. Sci. Eng, 36(2011), 451-459. 

22) Y. Wang, H. Wei and Y. Li, A generalization of Kramer’s theorem and its application, 
Bull. Aust. Math. Soc, 65(2002), 467-475. 

23] H. Wei and Y. Wang, On c*-normality and its properties, J. Group Theory, 10(2007), 
211-223. 
24] F. Gross, Conjugacy of odd order Hall subgroups, Bull. London Math. Soc, 19(1987), 
311-319. 
25] P. Schmidt, Subgroups permutable with all Sylow subgroups, J. Algebra, 207(1998), 
285-293. 
26] Y. Li, L. M and Y. Wang, On semi cover-avoiding maximal subgroups of Sylow sub- 
groups of finite groups, Comm. Algebra, 37(2009), 1160-1169. 

27) A. Ballester-Bolinches, Y. Wang and X. Guo, C-supplemented subgroups of finite 
groups, Glasgow Math. J, 42(2000), 383-389. 

28] X. Zhong and S. Li, On c-supplemented minimal subgroups of finite groups, South. 
Asian Bull. Math, 28(2004), 1141-1148. 

29) Y. Wang, The influence of minimal subgroups on the structure of finite groups, Acta 
Math. Sin, 16(2000), 63-70. 


Scientia Magna 
Vol. 7 (2011), No. 2, 114-116 


The Smarandache adjacent number sequences 
and its asymptotic property 


Jiao Chen 


Department of Mathematics, Northwest University, Xi’an, Shaanxi, P. R. China 
E-mail:chenjiaogaoling@163.com 


Abstract The main purpose of this paper is using the elementary method to study the Smarand 


-ache adjacent number sequences, and give several interesting asymptotic formula for it. 


Keywords Smarandache adjacent number sequences, elementary method, asymptotic formula. 


81. Introduction 


For any positive integer n, the famous Smarandache adjacent number sequences {a(n,™m) } 
are defined as the number of such set, making the number of each set can be divided into 
several same parts, where m represent the bits of n. For example, Smarandache a(1,1) = 1, 
a(2, 1) = 22, a(3,1) = 333, a(4,1) = 4444, a(5,1) = 55555, a(6, 1) = 666666, a(7,1) = 7777777, 
a(8,1) = 88888888, a(9,1) = 999999999, a(10,2) = 10101010101010101010,..., a(100,3) = 
100---100,..., and so on. 


100 
In the reference [1], Professor F. Smarandache asked us to study the properties of this 


sequence. About this problem, it seems that none had studied them before, at least we couldn’t 


find any reference about it. 


The problem of this sequence’s first n items summation is meaningful. After a simple 
deduction and calculation, we can get a complex formula, but it’s not ideal. So we consider 
the asymptotic problem of the average Ina(n,1) + Ina(n,2) +---+Ina(N,M). We use the 
elementary method and the property of integral nature of the carrying to prove the following 


conclusion: 


Theorem. If m is the bits of n, for any positive integer N ,we have the asymptotic formula: 


> Ina(n,m) =N-MnN+O(N). 
n<N 


But the two asymptotic formulas is very rough, we will continue to study the precise 


asymptotic formulas. 
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§2. Proof of the theorem 


In this section, we shall use the elementary methods to prove our theorems directly. First, 
we give one simple lemma which is necessary in the proof of our theorem. The proof of this 


lemma can be found in the reference [8]. 
Lemma 1. If f has a continuous derivative f’ on the interval [x,y], where 0 < y < 2, 
xz 


y in) = f° scoat+ f (t — [é)) f'(t)dt + f(w)([a] — x) — f(y)(lyl — 9). 


y<k<au y y 


Then, we consider the structure of {a(n,m)}. We will get the following equations: 


a(1,1) =1, 

a(2,1) =2-10'+2- 10°, 

a(3,1)=3-10?+3-10' +3- 10°, 

a(4,1) = 4-103 + 4-107 +4-10!44.- 10°, 

a(9,1) = 9-108 + 9-107 +---+9-10?+9-1014+9- 10°, 


a(10,2) = 10-1018 + 10- 10'© + ---4+ 10-10? +10- 10° 


A 


a(100, 3) = 100 - 10797 + 100 - 10294 +. --- + 100 - 103 + 100 - 10° 


a(n,m) = n-n?97 +n-10?44+---+n-10™+n-10°. 


If we analysis the above equations, we can get : 


9 yo (10M ~ 2 =1)-(r-1) N 
(Ilsa) II a(n, M — 1) ( II ceva) 


n=1 n=10!¢—-1_-1 n=10™’-1 


i 
5 
5 
\| 


(10 = 1) . (102 _ 1) ae (10(10%"*—1)-(M—1) _ 1) g (19(10%—1)-M _ 1) 


= WN! 
(10 _ i . (102 _ a wae (10”@-1 _ 1)9:10M~? : (10” = (6 decal 


-(1) 


When «x — 0, we note that the estimation In(1 +2) = «+O (27), so we have 


= k 9-10%~1 = k-1 1 1 
= 9-5 >10*?.(k-n10+ — — 
on +1) 9 ae ( n 0+ +0(ar)) 


M 9 
= Sok-10*'-9n10+ To! +00) 
k=1 


1 
= M-10”.In10+ g(t —10™)-m10+ aM + O(1) 


= M-10”.In104+ O(N). (2) 


116 Jiao Chen No. 2 


M ; 
Sy Tin(lote’—Y* — 1) 
k=1 


M M 1 1 
= k \ 
= > (10 = 1) -kin10 S- 1Q(10*-1)-k + O (=) 
k=1 


k=1 
M -10™+!.1n 10 
= 5 a +M-10™.n10 + O(N). (3) 
Applying the Lemma 1, we obtain 
In(N!)= S> nn=N-mMN-N+O(I). (4) 


1<n<N 


Combining the equation (1), asymptotic formulas (2), (3) and (4), we obtain the asymptotic 


formula 
M eae M . 
S- Ina(n,m) = ye Inn+ Soin (10* + 1) = S-In(10" 1k _ 1) 
1<n<N 1<n<N k=1 k=1 


= N-InN+OV(N). 


Thus, we have accomplished the proof of the theorem. 
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81. Introduction 


Fuzzy set theory, compared to other mathematical theories, is perhaps the most easily 
adaptable theory to practice. The main reason is that a fuzzy set has the property of relativity, 
variability and inexactness in the definition of its elements. Instead of defining an entity in 
calculus by assuming that its role is exactly known, we can use fuzzy sets to define the same 
entity by allowing possible deviations and inexactness in its role. This representation suits well 
the uncertainties encountered in practical life, which make fuzzy sets a valuable mathematical 
tool. The concept of fuzzy set was introduced by Zadeh in 1965 ©]. Later on many research 
workers were motivated by the introduced notion of fuzzy sets. It has been applied for the 
studies in almost all branches of sciences, where mathematics has been applied. Workers on 
sequence spaces have been also applied the notion of fuzzy real numbers and have introduced 
sequences of fuzzy real numbers and have studied their different properties. Interval arithmetic 
was first suggested by Dwyer |] in 1951. Development of interval arithmetic as a formal 
system and evidence of its value as a computational device was provided by Moore [9 in 1959 
and Moore and Yang |!) 1962. Furthermore, Moore and others !’~°! and [!?] have developed 
applications to differential equations. 

Chiao in [4] introduced sequence of interval numbers and defined usual convergence of 
sequences of interval number. Recently Sengéniil and Eryilmaz in [6] introduced and studied 
bounded and convergent sequence spaces of interval numbers and showed that these spaces are 
complete metric space. 

The idea of statistical convergence for single sequences was introduced by Fast ?! in 1951. 


Schoenberg |] studied statistical convergence as a summability method and listed some of 
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elemantary properties of statistical convergence. Both of these authors noted that if bounded 
sequence is statistically convergent, then it is Cesaro summable. Existing work on statistical 
convergence appears to have been restricted to real or complex sequence, but several authors 
extended the idea to apply to sequences of fuzzy numbers and also introduced and discussed 
the concept of statistically sequences of fuzzy numbers. 


§2. Preliminaries 


A set consisting of a closed interval of real numbers x such that a < a < b is called 
an interval number. A real interval can also be considered as a set. Thus we can investi- 
gate some properties of interval numbers, for instance arithmetic properties or analysis prop- 
erties. We denote the set of all real valued closed intervals by IR. Any elements of IR is 
called closed interval and denoted by %. That is = {x €R: a<a< 6b}. An interval number 


4] 


Z is a closed subset of real numbers “). Let x, and x, be first and last points of % inter- 


val number, respectively. For %7,%q EIR, we have %] = % Ly, =Lo,,01,=2o,. Ti +l = 
{a ER: a1,+%2, <4 <1, +4%2,}, and ifa>0, then a® = {x ER: ax, <4 < az,,} and 
ifa <0, then a®={xeER: any, <x< ax}, 


x ER: min {7,.%2,,01,-€2,.,01,.02,,01,-E2,} <2 


< max {21,.02,,21,-€2,., 01, .U2,,01,,.€2,. } 
The set of all interval numbers IR is a complete metric space defined by 
oe 1 
d(@1,@2) = max {|a1, — 22,|, |i, — 22,|} PO. 


In the special case 7 = [a, a] and Tz = [b, b], we obtain usual metric of R. 

Let us define transformation f : N— R by k — f (k) = %, © = (&). Then & = (Fj) is 
called sequence of interval numbers. The 7; is called k*” term of sequence % = (ZR). w’ denotes 
the set of all interval numbers with real terms and the algebric properties of w* can be found 
in [13]. 

Now we give the definition of convergence of interval numbers: 

Definition 2.1.!4] A sequence % = (Z,) of interval numbers is said to be convergent to the 
interval number Z, if for each ¢ > 0, there exists a positive integer k, such that d(%,,%) < € 
for all k > k, and we denote it by lim, %, = Zp. 


Thus, lim, 2, = % & lim, &p, = Lo, and lim, ry, = Lo... 


§3. Main results 


In this paper, we introduce and study the concepts of strongly \—convergence and statis- 
tically A—convergence for interval numbers. 

Definition 3.1. Let \ = (\,,) be a non-decreasing sequence of positive numbers such that 
Anti < An £1,A1 = 1,An — 00 as n > oo and I, = [n — An + 1,n]. The sequence & = (%;,) of 
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interval numbers is said to be strongly A—summable if there is an interval number Z, such that 


lim — S- d(&k4m;£o) = 0, uniformly in m. 
kEIn 

In which case we say that the sequence % = (%;) of interval numbers is said to be strongly 
almost A—summable to interval number %,. If An = n, then strongly almost A-summable 
reduces to strongly almost Cesaro summable defined as follows: 

1 n 

bo d(&k4m;£o) = 0, uniformly in m. 
k=1 


lim — 
nn 


In special case m = 0, we obtain strongly A-summable, which was defined Esi in [1]. 


Definition 3.2. A sequence % = (%;) of interval numbers is said to be statistically almost 
A-—convergent to interval number %, if for every ¢ > 0, 


1 
lim a l{k € In: d(€keim,%o) > e}| = 0, uniformly in m. 


In this case we write By — lim 2%, = Z>. If An = n, then statistically almost A\—convergence 
reduces to statistically almost convergence as follows: 


1 
lim . {k <n: d(Xkim,¥%o) > ¢}|=0, uniformly in m. 


In this case we write 5 — limZ, = Zp. In special case m = 0, we obtain statistically 
A—convergence, which was defined Esi in [1]. 


Theorem 3.1. Let = (%;,) and ¥ = (Y;,) be sequences of interval numbers. 
(i) If 3, —limZ, = Z and a ER, then 3) — limaz, = aZo. 


(ii) If 3, — lim, = Z, and 3, —limy, = J,, then 3) — lim (%% + 9,) = Zo + Vo- 
Proof. (i) Let a € R. We have d(a%,, a%_) = |a| d (Fp, Fo). For a given ¢ > 0 and all m, 


1 1 
[e l{k Ely: d (QEk4m, Oo) = E}| < e 


mr 


{i El, : d(Ek4+m,%o) > He 


Hence $) — limaz, = a%o. 


(ii) Suppose that 3, — lim Z, = Z and 3, —limy, = y,. We have 


d coaee + Yrtm: vo + To) <d egy Cy) +d (Mesleas a) . 


Therefore given ¢ > 0 and all m, we have 


1 
SHR Sint d Fem + Dems Fo + Vo) > e}| 


1 
< y, HR Ind (Fim, Fo) +4 Garms Vo) 2 €}| 
1 _ ~ E 1 = = é 
< s {ke In: d(Bx+msFo) > 5}|+ 5 {ke In: d(Tk+msTo) 2 5}|- 


Thus, 3, — lim (Z + 9) = Fo + Jo: 
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In the following theorems, we exhibit some connections between strongly almost A—~summable 
and statistically almost A—convergence of sequences of interval numbers. 

Theorem 3.2. If an interval sequence % = (%;) is strongly almost A—summable to interval 
number Zo, then it is statistically almost A—convergent to interval number Z. 

Proof. Let ¢ > 0. Since 


SiGe) = Yo drm) Shek, ad Gene.) Se} 4 


keEIn keEIn 
d(Z,,o)>e 


if Z = (Z;) is strongly almost A—summable to Z, then it is statistically almost \—convergent 


to Zo. 


Theorem 3.3. If Z = (Zp) € ™m and F = (Zz) is statistically \A—convergent to interval 
number Z,, then it is strongly almost A-summable to %, and hence % = (%,) is strongly almost 
Cesaro summable to %, where 7 = fo (ee Supe tO Gea ee) < Oe 

Proof. Suppose that = = (Z,) € 7 and statistically almost A—convergent to interval 
number %,. Since T = (Z,) € ™, we write d(€k4m,Zo) < A for all k,m € N. Given € > 0, we 
have 


1 1 1 _ _ 
oe S- G(Ekim,£o) = he S- d(Zk4m,Zo) + Hee S- d(Ek4m, Zo) 


nr nr 


kEIn keIn keIn 
d(%, Fo) ze d(%p Fo) <e 
A = _ 
< a Hk EI, : d(®ktm;%o) > e}| +e, 
n 


which implies that % = (%,) is strongly almost A—summable to %,. Further we have 


n n—X 
1 1 s 1 
~ > 8 etm Fo) = a » @(Zktmm Lo) F fs >»; @(Zk+m) Zo) 
k=1 k=1 kel, 
< LS ae T)+— Did(e Zo) 
co c+ms “oO 71 x mo 
Xe Ck+ ax rp k+ x 
k=1 keIn 
2 _ ” 
< ei d(€k4m; Zo) “ 
" LET, 


Hence & = (x) is strongly almost Cesaro summable to Zo. 
Theorem 3.4. If a interval sequence % = (Z,) is statistically almost convergent to interval 
number %, and liminf, An > 0, then it is statistically almost A—convergent to Zo. 


Proof. For given ¢ > 0 and all m, we have 
{k <n: d(€rim, Fo) > ce} D{k € In: d(Eeim, Fo) > ec}. 
Therefore 
1 = = 1 = _ 
a He: Otte) Set > SH HRe Ge @ pate) Se] 


nm 
Xn 


1 = _ 
> ie d(Zk+m;%o) = €}]- 
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Taking limit as n — oo, uniformly in m and using lim inf, An > 0, we get that T = (Z%;,) is 


statistically almost A—convergent to Zo. 

Finally we conclude this paper by stating a definition which generalizes Definition 3.1 of 
Section 3 and two theorems related to this definition. 

Definition 3.3. Let A = (A,) be a non-decreasing sequence of positive numbers such that 
Anti < An + 1,41 = 1,An — co as n > co and I, = [n—An+1,n] and p € (0,00). The 
sequence © = (Z,) of interval numbers is said to be strongly almost Ap—summable if there is 


an interval number %, such that 


fue ob = : : 
lim a2 S- [d(k+m;2%o)|” = 0, uniformly in m. 


eS 
In which case we say that the sequence © = (%;,) of interval numbers is said to be strongly 


almost Ap—summable to interval number Zp. If A, = n, then strongly almost Ap—summable 


reduces to strongly almost p-Cesaro summable defined as follows: 


1 n 
lim — ) [d(Zk4m,2o)]” =0, uniformly in m. 
nn 

k=1 


The following theorems is similar to that of Theorem 3.2 and Theorem 3.3, so the proofs 
omitted. 

Theorem 3.5. If an interval sequence = (%;) is strongly almost Ap—summable to 
interval number Zo, then it is statistically almost \—convergent to interval number Z. 

Theorem 3.6. If Z = (Z,) € m and Z = (Z,) is statistically almost A—convergent to 
interval number Z,, then it is strongly almost Ap—summable to Z and hence % = (Z;) is 


strongly almost p-Cesaro summable to Zo. 
This paper is in final form and no version of it will be submitted for publication elsewhere. 
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